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Abstract
As telescopes become larger, segmented and multi-aperture designs are being
implemented to meet cost, size and weight constraints.

These systems require

alignment of the segments or sub-apertures to within fractions of a wavelength. We
investigate the performance of phase diversity, a technique of image-based wavefront
sensing, for characterizing and aligning segmented and multi-aperture systems.
Supporting work developing the core phase-diversity algorithm is also presented.
The modification of phase diversity to incorporate a broadband object model
is discussed. Through digital simulation, we show a benefit to using a broadband,
gray-world algorithm, as opposed to the conventional monochromatic algorithm,
when bandwidths greater than 20% are used for imaging. We further demonstrate
that knowledge of the gray-world object spectrum is not required to achieve improved
performance.
Using digital simulation, three regularization techniques for phase-diversity
metrics are compared to the conventional phase-diversity algorithm. For low signalto-noise ratio (SNR), we demonstrate an improvement in both the phase estimation
accuracy and convergence properties of the algorithm when a regularization based on
the object and noise power spectra is used.
We present a novel implementation of phase diversity unique to segmented
and multi-aperture systems that utilizes individual sub-aperture piston phases in the
pupil. Through digital simulation, we compare sub-aperture piston phase diversity to
conventional focus diversity and show that, for high SNR and optimal values of
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diversity, sub-aperture piston phase diversity yields higher phase estimation accuracy
and comparable image reconstructions.
Using large amounts of sub-aperture piston phase diversity we derive a
modified phase-diversity metric and gradients that enable estimation of the average
object spectral coefficients, in addition to the unknown phase and object.

We

successfully demonstrate the algorithm through digital simulation and explore
limitations on spectral resolution and sampling.
An experimental setup is described and used to demonstrate monochromatic
and broadband versions of focus diversity and sub-aperture piston phase diversity. A
hexagonally segmented MEMs deformable mirror is used as the system under test and
a modified digital projector is used to provide an extended object source. Phaseshifting interferometry is used to corroborate phase estimates from the phase-diversity
algorithm. Agreement between the estimated phase and measured phase to 0.06 λ
RMS is achieved. Images are also reconstructed using the estimated phases.
A new method of performing multi-field wavefront sensing that directly
estimates a field-dependent model of the wavefront using phase-diverse phase
retrieval is presented. Using digital simulations and information-theoretic CramerRao bounds, we show an advantage to using the new method over a conventional
technique in which the field-dependent wavefront is extrapolated or interpolated from
a series of wavefronts across samples of the field of view.
This work demonstrates that phase diversity is a useful method of aligning
segmented and multi-aperture systems. Furthermore, the architecture of such systems
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offers unique opportunities for the implementation of phase diversity and for
recovering the system phase, an image of the object and the average spectrum of the
object.
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1 Introduction
1.1

Segmented and Multi-Aperture Systems

The angular resolution of a diffraction-limited imaging system is given by

θ = 1.22

λ
D

(1.1)

where λ is the wavelength and D is the diameter of the entrance pupil of the imaging
system [1]. Equation (1.1) implies that the resolution of the system can be improved
either by decreasing the wavelength of observation or increasing the diameter of the
aperture of the system. The wavelength is typically fixed by the illumination of the
object or by the phenomenology being studied. This leaves the diameter of the
aperture as the only independent variable.
As a result, telescopes are getting bigger. The drive to increase both the light
collecting efficiency and imaging resolution of ground-based and space-based
observatories has pushed the limits of size and weight for monolithic primary mirrors.
Not only are large primary mirrors increasingly difficult to fabricate and mount, but
for space-based systems they may be impossible to launch. For example, the Hubble
Space Telescope (HST) represents the largest monolithic-primary payload capable of
being stowed in current launch vehicles.
In response, technology is heading in the direction of segmented and multiaperture systems as the next generation of telescopes. Segmented systems, such as
the Keck Observatory in Hawaii [2], the Thirty Meter Telescope (TMT) [3] and the
James Webb Space Telescope (JWST) [4] to be launched after 2013, use an array of
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actuated hexagonal segments to create a primary mirror that is easier to fabricate than
a monolithic mirror of equivalent size, and, in the case of the JWST, capable of being
folded and stowed in a launch vehicle and deployed on orbit.

Proposed multi-

aperture systems, such as the Terrestrial Planet Finder Interferometer (TPF-I) [5],
Keck Interferometer [6], and MIDAS [7] use an array of afocal telescopes that are
combined to achieve a resolution comparable to a primary mirror equivalent to the
entire array size. An example of a multi-aperture system is shown in Figure 1-1.

Figure 1-1: Schematic of a multiple telescope array where the light from each sub-aperture is
brought together at a common focus. A series of optical delay lines are used to maintain equal
optical path length between each sub-aperture. If the path lengths are kept equivalent, the
system has a resolution determined by the diameter of the entire array, rather than the diameter
of an individual sub-aperture. This drawing is provided by Samuel T. Thurman and is used with
permission.
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1.1.1 History: Multi-aperture Systems
One of the earliest examples of a multi-aperture system is Michelson’s experiment at
Mt. Wilson in 1921, where he and Pease measured the angular diameter of α-Orionis
[8-10]. The primary mirror of the Mt. Wilson 100-inch reflector was used to combine
two beams from separate apertures at the end of the Cassegrain cage. The visibility
of the fringes created by the interfering beams was monitored as the distance, d,
between the two apertures was varied. Michelson showed [9] that the smallest
distance, do, for which the fringe visibility is zero is given by
do =

0.61λo

θ

(1.2)

where λo is the center wavelength and θ is the angular diameter of the source. The
accuracy of Michelson’s method was largely dependent on very precise control of the
optical path lengths (OPLs) between the two sub-apertures. Unequal path lengths
reduced the fringe visibility and therefore introduced error in the measurement of do.
Later examples of multi-aperture interferometers include the stellar intensity
interferometer of Hanbury Brown and Twiss [9, 10]. This system made use of the
Hanbury Brown-Twiss effect [9, 11] to determine a star’s angular diameter from the
correlation coefficient of photoelectric signals as a function of the distance, d,
between the sub-apertures [12]. In 1975, Labeyrie expanded on Michelson’s stellar
interferometer with the first true separate-aperture optical interferometer (as opposed
to Michelson’s adaptation of the Mt. Wilson 100-inch reflector) [10, 13].

In
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Labeyrie’s instrument, the light from two separate telescopes was brought together on
an optical table and interfered.
These early multi-aperture systems required that the object being observed
was spatially incoherent and unresolved by a single sub-aperture. According to the
van Cittert-Zernike theorem [9], light from such a source will have some partial
coherence in the far field. The purpose of these early systems was to measure the
partial coherence function of light from a distant star. The amplitude of the partial
coherence function is related to the fringe visibility and the phase is related to the
position of the intensity maxima in the fringe pattern. The intensity distribution of
the star can, in theory, be obtained from the Fourier transform of the complex partial
coherence function.
A different class of multi-aperture system is those that observe objects that are
extended and resolved by each sub-aperture. One of the earliest examples of such a
system was the Multiple Mirror Telescope (MMT) in 1985 which consisted of six
sub-apertures, each with a diameter of 1.83 meters [14, 15]. The light from all the
sub-apertures is brought to a common focus to form an image of the object being
observed. If the OPL for each sub-aperture is equal, then the resulting image has a
resolution equivalent to that of a monolithic mirror of the same size as the subaperture array, or 6.9 meters in the case of the MMT.
The first experiment to demonstrate rapid active control of the OPL for each
sub-aperture was performed using Phasar by the Air Force Weapons Laboratory in
1988 [16, 17].

The experiment sensed and corrected for piston, tip and tilt
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misalignments between the sub-apertures.

On a much larger scale, the Keck

Interferometer combines the light of the two 10-meter Keck Telescopes, each of
which is itself a segmented system, to perform both multi-aperture interferometry and
multi-aperture imaging [6].

1.1.2 History: Segmented Systems
Segmented systems share the same purpose as multi-aperture systems – to reduce
weight, cost and fabrication limits – but have a different heritage.

The first

segmented systems were the twin Keck 10-meter telescopes in Hawaii, which saw
first light in 1993 and 1996 [18]. Thirty-six 1.8-meter hexagonal segments comprise
each of the primary mirrors. Each segment is lighter, cheaper and easier to fabricate
than a 10-meter monolithic mirror. Furthermore, the smaller segments experience
reduced gravity sag compared to a larger primary mirror.
Other current segmented systems include the Hobby-Eberly Telescope (HET)
in Texas [19] and the South African Large Telescope (SALT) located in Karoo, South
Africa [20]. Each of these systems has 91 hexagonal segments making up a single
10-meter primary mirror.

1.1.3 Future Segmented and Multi-aperture Systems
With the success of these segmented and multi-aperture systems, numerous others
have been proposed and have even begun construction. For ground-based systems,
the Giant Magellan Telescope (GMT) will combine 6 circular sub-apertures using a

6

common secondary mirror [21]. The Thirty Meter Telescope (TMT) will use 492
segments to create a 30-meter primary mirror.

The European Extremely Large

Telescope (EELT) will use more than 900 segments to create a 42-meter primary
mirror [22].
Since segmented or multi-aperture systems can be folded into a compact
package or constructed modularly, they are ideal for space-based observatories.
Perhaps the best example is the James Webb Space Telescope, to be launched after
2013.

This observatory will have a 6.6-meter primary mirror comprised of 18

hexagonal segments. The observatory will be folded for launch and deployed on
orbit. Other proposed space-based systems include the Single Aperture Far-Infrared
(SAFIR) observatory [23], the Terrestrial Planet Finder – Interferometer (TPF-I) [5],
the stellar imager [24] and MIDAS [7]. While the JWST is well into construction and
testing, the other missions are still in the initial design phases.

1.2 Wavefront Sensing for Segmented and Multi-aperture
Systems
Regardless of whether the system is a multi-aperture interferometer, multi-aperture
imager or segmented system, a crucial part of the design is control of the OPL
between the segments or sub-apertures [16, 17]. For multi-aperture interferometers, if
the OPLs are not equivalent, fringe visibility rapidly decreases. This ultimately
limited the experiments of Michelson and Pease in 1921. For multi-aperture imaging
systems and segmented systems, if the OPLs are not equivalent, the light from each
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sub-aperture does not coherently combine at the detector plane and the resolution will
be determined by the sub-aperture size and not that of the full sub-aperture array.
Modern segmented and multi-apertures systems are designed to allow for
precise control of the sub-aperture OPLs. Multi-aperture systems utilize optical delay
lines to equalize the path lengths between each sub-aperture. Segmented systems
mount each segment on a hexapod to allow for control of six degrees of freedom:
piston, tip, tilt, x-translation, y-translation and clocking. In the case of the JWST a
separate actuator is used to control intra-segment radius of curvature. It is necessary
to know the position of each segment or sub-aperture to within a small fraction of a
wavelength in order to apply the appropriate corrections to the actuators. There are
several classes of wavefront sensor that are capable of providing such knowledge.

1.2.1 Interferometry
Laser interferometry may be an option for initial alignment and commissioning of
segmented and multi-aperture systems, however given the size and complexity of
modern systems it is increasingly difficult and costly to fabricate appropriate null
surfaces.

Interferometers are sensitive to vibration, turbulence and temperature

instabilities, making it difficult to house the end-to-end test in an interferometryfriendly environment. Furthermore, frequent recalibration of the segmented or multiaperture system is likely necessary due to drift in the mechanical mounting and
actuating systems, requiring that sensing and alignment be performed repeatedly in
situ.
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1.2.2 Shack-Hartmann, Curvature and Pyramid Sensors
Shack-Hartmann [25-29], curvature [27, 30] and pyramid [31-33] wavefront
sensors have proven useful for large ground-based systems where rapid sensing of
atmospheric turbulence is required. Generally these wavefront sensors only work for
point source objects and do not perform well for wavefronts having high complexity.
Laser guide stars can provide an isolated point source for ground-based systems, but
do not work for space-based systems since they use the properties of the sodium layer
of the upper atmosphere. Shack-Hartmann wavefront sensors have been shown to
work with extended scenes when used in a correlation mode [34], but require bright,
high contrast objects that only fill very a limited field of view.
While Shack-Hartmann, curvature and pyramid sensors may be well suited for
ground-based systems sensing atmospheric turbulence, they are less attractive for
space-based systems. All three of these sensors require additional hardware and
optics to obtain an image of the pupil of the system where wavefront or wavefrontslope measurements are made – a detriment to space-based systems where size and
weight are critical issues. These sensors also do not work well for highly complex
wavefronts, and in the case of the Shack-Hartmann wavefront sensor, cannot sense
pure piston errors between segments and sub-apertures. As many future space-based
missions will be based on segmented or multi-aperture architectures, these methods of
wavefront sensing will not be sufficient.
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1.2.3 Image-based Wavefront Sensing
Image-based wavefront sensing is a method that uses images captured by an
optical system to estimate the wavefront in the pupil of the system. This differs from
interferometric methods that require a reference wavefront, matched to the nominal
optical prescription of the system, to form an interference pattern with the wavefront
produced by the system under test. Image-based wavefront sensing further differs
from Shack-Hartmann, pyramid and curvature wavefront sensors that require
obtaining an image of the pupil of an optical system to measure wavefronts.
While image-based wavefront sensing requires significantly less hardware
than other methods, it does require more computation to obtain wavefront estimates
and is therefore not well suited to ground-based atmospheric sensing applications
which require kHz speeds. However, image-based wavefront sensing has become an
enabling technology for many segmented and multi-aperture systems where
wavefront sensing and control will occur on longer time scales.

Image-based

wavefront sensing is not generally limited in the complexity of wavefronts being
estimated, and is capable of sensing pure piston errors between segments and subapertures, making it an ideal option for future space-based missions. For example,
not only will image-based wavefront sensing be an integral part of the end-to-end
ground testing of the JWST, but it will also be the primary method of commissioning
and maintaining fine alignment of the observatory on orbit [35-37].
In the literature, one comes across several names for the various methods of
image-based wavefront sensing. Often, these names are used interchangeably and
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confusion ensues.

Therefore, we begin by making clear the definitions and

terminology used in this thesis.
Phase retrieval (PR) refers to a basic form of image-based wavefront sensing
in which a single image of a point source is used to estimate the unknown phase
parameters of an optical system.
Phase-diverse phase retrieval (PDPR) is similar in concept to phase
retrieval except multiple images of a point source, each differing by a known phase
term, are used to estimate the unknown phase parameters of an optical system.
Phase diversity (PD) refers to a method of image-based wavefront sensing
where multiple images of an unknown extended object or scene are used to estimate
both the unknown phase parameters and the unknown object. The multiple images
differ by some known phase term.
Henceforth, when we use the term “phase retrieval”, it will include “phasediverse phase retrieval”, which is more commonly used since the additional
measurements provide needed robustness. Both methods are essentially the same
algorithmically (with some extra bookkeeping needed for multiple images), and both
methods estimate the same quantities. In the next two sections, phase retrieval and
phase diversity will be discussed in detail.
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1.3

Phase Retrieval

1.3.1 History
The concept of phase retrieval has been around for many decades, particularly in the
field of X-ray crystallography. The first practical algorithm for non-crystallographic
data was in the early 1970’s when Gerchberg and Saxton first proposed it for use in
electron microscopy [38, 39]. The Gerchberg-Saxton (GS) algorithm was iterative in
nature, involving the propagation of a complex field between a diffraction plane and
an image plane while applying measured amplitude constraints to the field in each
plane. Misell later adapted the GS algorithm to iterate between two out-of-focus
image planes, satisfying the constraint of the two measured image intensities [40, 41].
Later, Southwell [42], Gonsalves et al. [43, 44] and Fienup [45] would expand the
techniques to include parametric search algorithms in which a nonlinear optimization
routine attempts to minimize an objective function. Gonsalves and Chidlaw also
suggested the use of multiple images, introducing the concept of phase-diverse phase
retrieval to the field [44].
Phase retrieval gained popularity in 1991 when it successfully characterized
the primary mirror errors of the in-orbit Hubble Space Telescope [46, 47]. Around
this same time, phase retrieval was proposed to align NASA’s Next Generation Space
Telescope, now called the James Webb Space Telescope (JWST). Today, in addition
to being an enabling technology for the JWST, phase retrieval is being applied to
many fields, including imaging through atmospheric turbulence, X-ray diffraction
crystallography, and optical metrology [48-50]. Many algorithm advancements have
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been made including a new form of iterative transform algorithm that is capable of
dealing with wrapped phases [37], and advancements to nonlinear optimization
routines that extend the algorithm capture range and can account for line-of-sight and
figure jitter [51, 52].

1.3.2 Algorithm Description
Most phase retrieval algorithms can be classified in one of two categories: the
iterative transform methods of Gerchberg, Saxton and Misell, or the parametric
search methods of Southwell, Gonsalves and Fienup. An example of a basic optical
system on which phase retrieval would be performed is show in Figure 1-2.

Point
Source
Aberrated System

CCD Camera
on z-Translation Stage

Figure 1-2: Example phase retrieval system. A point source is imaged by an aberrated system
onto a CCD camera. The CCD camera is mounted on a z-translation stage to allow for multiple
out-of-focus images to be collected.

Sometimes called Iterative Transform Algorithms (ITA), Gerchberg-Saxton
(GS), or Misell-Gerchberg-Saxton (MGS), iterative methods are perhaps the simplest
implementation of phase retrieval. The algorithm works as a projection-onto-sets
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algorithm in which the complex field is iteratively propagated between two planes
while constraints are applied to the field in each plane.
An example flow diagram of the ITA is shown in Figure 1-3. In this example,
the complex pupil field P(x,y) is propagated to the image plane field h(u,v) by the
operator P{...} which may consist of a series of Fourier or Fresnel integrals. In each
plane, a constraint is placed on the field amplitude. For example, in the pupil plane,
one might assume that the field amplitude is uniform and limited by the aperture
function of the system, |P(x,y)|. In the image plane, one detects an intensity point
spread function (PSF), I(u,v), which is related to the field amplitude by a square root
operation and is used as the amplitude constraint in the image plane. Eventually, the
algorithm finds a set of phase functions φ(x, y ) and θ(u, v ) such that the two complex
fields, |P(x, y )|exp[iφ(x, y )] and [I(u, v )](1/2)exp[iθ(u, v )], simultaneously satisfy the
constraints in both planes.
By comparison, parametric search algorithms are significantly more
complicated in implementation yet offer greater flexibility of the system modeling. A
parametric search algorithm seeks to minimize an objective function with respect to a
set of unknown phase parameters.

These unknown phase parameters may be

individual pixel values, or coefficients of a polynomial set, such as the Zernike
polynomials.

An example of an objective function is a basic squared sum of

differences given by
K

E ( α ) = ∑∑  hk ( u , v; α ) − I k ( u , v ) 


k =1 u ,v

2

(1.3)
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where Ik(u,v) is the detected PSF intensity, K is the number of detected PSF
intensities, and hk(u,v;α
α) is an estimate to the coherent impulse response that depends
on the unknown phase parameters α.
α

P(x,y)=|P(x,y)|exp[if(x,y)]

P{...}

Apply pupil plane
constraints
|P(x,y)|

P(x,y)=|A(x,y)|exp[if(u,v)]

h(u,v)=|h(u,v)|exp[iq(u,v)]

Apply image plane
constraints
1/2
[I(u,v)]

1/2

-1

h(u,v)=[I(u,v)] exp[iq(u,v)]

P {...}
Figure 1-3: Flow diagram for the ITA algorithm. Starting in the upper left, a guess of the
phase, φ(x, y), is made and used with the known pupil amplitude, |P(x, y)|, to construct the
complex pupil. The field is propagated to the image plane where the computed phase, θ(u, v), is
kept and the amplitude is replaced by [I(u, v)]1/2, the square root of the measured intensity. The
resulting field is then back-propagated to the pupil plane where the pupil plane amplitude
constraint is once again applied. The process continues until a phase pair φ(x, y) and θ(u, v) are
found such that the complex fields satisfy the constraints in each domain.

The error metric in Eq. (1.3) is minimized with respect to the parameters α by
a nonlinear optimization routine such as steepest descent, conjugate gradient,
simplex, Newton or quasi-Newton, Levenberg-Marquardt, simulated annealing, or
even genetic algorithm.

Typically, the gradient search algorithms are the most

efficient for this type of problem. Analytic gradients of Eq. (1.3) can be readily
calculated, thus avoiding the costly computation and errors associated with finite
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difference approximations. Additional terms can be included in the error metric to
account for experimental unknowns such as detector bias, gain, bad pixels, jitter,
broadband light, etc. Furthermore, the wavefronts can be parameterized in terms of
polynomials to naturally enforce a smoothness constraint while avoiding the need to
unwrap phases.
Extensive work on types of metrics and implementation of the nonlinear
optimization has been done [45, 53, 54] and will not be discussed here. This section
has given only a very brief description of the phase retrieval procedure to serve as a
background to the subject of the rest of this thesis, phase diversity.

1.4 Phase Diversity
1.4.1 History
Phase diversity was introduced in 1979 by Gonsalves and Chidlaw when they
suggested applying the techniques of phase-diverse phase retrieval to a system where
the source was not a point, but rather an extended object or scene [44]. Paxman and
Fienup applied phase diversity to the problem of phasing a multi-aperture system in
1988 [55]. Later work by Paxman, Schulz and Fienup casts phase diversity as a
statistical problem based on maximizing a likelihood function related to the dominant
noise mechanism of the system [56]. Some work has been done to implement phase
diversity as an iterative problem not unlike the ITA, though it is generally better
suited to nonlinear optimization routines [57].
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In 1994, Kendrick et al demonstrated in experiment the phasing of a
segmented aperture using phase diversity [58]. Not only were they able to sense the
errors in the segmented system, but the estimated phase was then used to actuate the
mirror and correct the wavefront. In 2000, Seldin et al presented both simulation and
experimental results of using a broadband version of phase-diverse phase retrieval to
sense the misalignments in a multi-aperture system [59]. They also extended the
broadband derivation to phase diversity. Major advancements have been made in
increasing the speed of phase diversity algorithms using dedicated hardware [60, 61],
yet they have not reached the speeds necessary to sense atmospheric variations for
correcting ground-based observatories with adaptive optics.

Beamsplitter

CCD Camera
Extended Object
or Scene

Aberrated System
Dz

CCD Camera
Figure 1-4: Example phase diversity system. In this implementation two detector planes, one of
them translated out of focus by a distance ∆z, are used to simultaneously capture diversity
images. The object being imaged is no longer a point source but rather an extended object.
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1.4.2 Concept
Figure 1-4 shows a typical phase diversity system in which an extended object is
imaged by an aberrated system onto two different detectors, one in the conventional
focal plane and one defocused by some known amount ∆z. For this system the
unknown parameters consist of two quantities: the object parameters, f, which are
typically the pixel values f(u, v), and a set of phase parameters, α. The phase
parameters are generally coefficients of a basis set, a linear sum of which comprises
the phase of the system,

φ ( x, y; α ) =

2π

λ

J

∑ α j Z j ( x, y )

(1.4)

j =1

where λ is the wavelength, J is the number of terms in the parameterization and
Zj(x,y) is the jth member of the basis set. The basis set could be a series of delta
functions to represent individual pixel values, in which case J could number in the
tens or hundreds of thousands, or the basis set could be the Zernike polynomials
which may adequately represent the phase of the system with fewer than one hundred
terms. The complex pupil of the system is then given by
P ( x, y; α ) = P ( x, y ) exp iφ ( x, y; α )  .

(1.5)

The complex pupil function is related to the coherent impulse response function by a
Fresnel-like transform, given by
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 π Dk 2 2 
 πA

hk ( u, v; α ) = exp i
u + v  ∫∫ P ( x, y; α ) exp i k x 2 + y 2 
 λ Bk

 λ Bk

(1.6)
 2π

× exp  −i
( xu + yv )  dxdy
 λ Bk


(

)

(

)

where (u, v) are the image plane pixel indices and Ak, Bk, and Dk are the elements of
the ABCD ray-transfer matrix that relates the pupil plane to the kth image plane [62].
Defocus is introduced by changing the propagation distance and therefore the
elements of the ABCD matrix, principally the Ak/Bk term. The incoherent point
spread function (PSF) is then given by
2

sk ( u, v; α ) = hk ( u, v; α ) .

(1.7)

Using the concepts of Fourier optics [63] the unknown parameters f and α can
be related to the intensities collected in each image plane by the basic imaging
equation,

d k ( u, v ) = f ( u, v ) ∗ sk ( u, v; α ) + nk ( u, v )

(1.8)

where dk(u, v) is the kth detected noisy intensity, nk(u, v) is an additive noise term, and
the asterisk, ∗ , denotes a convolution operation. Note the PSF depends on the
unknown phase parameters because it is the squared magnitude of the propagated
complex pupil. Throughout this thesis, we will use (u, v) to denote coordinates in the
image plane, (x, y) to denote coordinates in the pupil plane, (fu, fv) to denote spatial
frequencies in the Fourier domain counterpart to the image plane and (fx, fy) to denote
spatial frequencies in the Fourier domain counterpart to the pupil plane.
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As shown by Paxman et al. [56], the problem of estimating f and α can be cast
as a statistical problem that depends on the dominant noise mechanism. The two
limiting noise regimes of Poisson photon noise and Gaussian detector noise will be
discussed separately.

1.4.3 Poisson Noise Regime

When noise is present, there is a probability associated with detecting a specific value
at any given pixel in an image. If the system is photon-limited, then the probability
follows a Poisson distribution, given by
P  d k ( uo , vo ) ; f , α  =

g k ( uo , vo )

d k ( uo ,vo )

exp  − g k ( uo , vo ) 

(1.9)

d k ( uo , vo ) !

where (uo,vo) is a specific pixel in the image array and gk(u,v) is the “infinite SNR” or
noise-free image given by
g k ( u, v ) = f ( u, v ) ∗ sk ( u, v; α )

(1.10)

where gk(u, v) is in units of detected photo-electrons. The dependence of gk(u,v) on f
and α is dropped for compactness of notation.
Since the noise at individual pixels and of individual images is statistically
independent, the total probability associated with detecting a set of K diversity images
is given by
K

P {d k ( u, v )} ; f , α  = ∏∏
k =1 u ,v

g k ( u, v )

dk ( u ,v )

exp  − g k ( u, v ) 

d k ( u, v ) !

.

(1.11)
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Equation (1.11) is a likelihood function that represents the probability of
detecting a set of images given f and α. In practice, the phase diversity algorithm
maximizes the log-likelihood function which is obtained by taking the natural
logarithm of Eq. (1.11),
K

L {d k ( u, v )} ; f , α  = ∑∑ d k ( u, v ) ln  g k ( u, v )  − g k ( u, v )

{

k =1 u ,v

.

(1.12)

}

− ln  d k ( u, v ) !

Similar to the objective functions used in phase retrieval, the log-likelihood
function of Eq. (1.12) can be maximized with respect to f and α by a nonlinear
optimization routine. Gradient-based searches such as conjugate gradient, Newton,
quasi-Newton and Levenberg-Marquardt tend to be the most efficient. To avoid the
costly and potentially error-prone computation of finite differences, the analytic
gradients of Eq. (1.12) with respect to the unknown parameter sets f and α can be
readily calculated.

1.4.4 Gaussian Noise Regime

When the dominant noise mechanism is detector read noise, then the detected images
are given by Eq. (1.8) where nk(u,v) is an additive, zero-mean Gaussian random
variable. As with the Poisson case, a probability is associated with detection at a
single pixel (uo,vo) in the kth image,
  d ( u , v ) − g ( u , v ) 2 

k
o o
o o  
P  d k ( uo , vo ) ; f , α  =
exp − 

1
2
2
2σ n


2πσ n2
1

(

)

(1.13)
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where σn2 is the variance associated with the detector read noise and g(uo,vo) is given
by Eq. (1.10). Assuming statistical independence between detection of individual
images and at individual pixels, the probability associated with detecting an entire set
of images is given by
K

P {d k ( u, v )} ; f , α  = ∏∏
k =1 u ,v

  d k ( u, v ) − g ( u, v )  2 
exp
−
 . (1.14)
2
2 12
2
σ
n
2πσ n


1

(

)

Again, the natural logarithm is taken to obtain the log-likelihood function,
K
1
L {d k ( u, v )} ; f , α  = −∑∑  ln 2πσ n2
k =1 u ,v  2

(

+

1

)
2


(1.15)

 d k ( u, v ) − g ( u, v )   .
2σ n2 


Notice that aside from an additive constant and scale factor, Eq. (1.15)
resembles a least squares type of metric, similar to those used in phase-diverse phase
retrieval. As with the Poisson noise scenario, a nonlinear optimization routine is used
to maximize this likelihood function with respect to the unknown parameters.

1.4.5 The Reduced Gaussian Metric

Consider the search space involved in maximizing Eqs. (1.12) and (1.15). If the
phase is parameterized as polynomial coefficients and is limited to J terms, and an
M × N array of pixels of the object is estimated, the dimensionality of the search

space of the optimization is given by M × N + J . For example, a moderately sized
problem including 45 polynomial coefficients and a 256 × 256 pixel region of the
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object requires searching a 65,581-dimensional space, 99.9% of which is due to the
estimation of the object.
Gonsalves first proposed a method of reducing the search space for the least
squares type of optimization of the Gaussian log-likelihood function with two
diversity images [44]. Later, Paxman, et al. generalized the method for an arbitrary
number of diversity images and showed that the same simplification was not possible
for the log-likelihood function of the Poisson noise case [56].
The reduced Gaussian (RG) metric is more easily obtained by re-writing Eq.
(1.15) in the Fourier domain by using Parseval’s theorem [63],
K

L ( f , α ) = −∑

∑

Dk ( fu , f v ) − F ( fu , f v ) Sk ( fu , f v ; α )

2

(1.16)

k =1 fu , fv

where an arbitrary constant and scale factor have been dropped, (fu, fv) are Fourier
domain spatial frequency indices, and D, F and S are the Fourier transforms of d, f
and s, respectively. Notice that S is the optical transfer function (OTF) of the system
[63] which depends explicitly on α, the unknown phase parameters. There exists an
object Fourier transform, Fmax(fu, fv), that maximizes Eq. (1.16) for a given set of
phase parameters, α. Fmax(fu, f v) are found analytically by taking the derivative of Eq.
(1.16) with respect to the object pixel values and setting the derivative equal to zero.
After some algebra, Fmax(fu, fv) is found to be
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K
*
 ∑ Dk ( f u , f v ) Sk ( fu , f v ; α )
 k =1
,
K

2
Fmax ( fu , f v ) = 
∑ S ( fu , f v ; α )
 =1


0,



K

∑ S ( fu , f v ; α )

2

≠0

 =1

(1.17)

K

∑ S ( fu , f v ; α )

2

=0

 =1

where the second line accounts for the pixel indices where the solution might diverge
by using any value that preserves the Hermitian property of Fmax(fu, fv). This is
similar to a multi-frame inverse filter. Substituting Eq. (1.17) into Eq. (1.16) and
simplifying gives the RG metric
2

K

∑ D j ( fu , ) ( fu , f v ; α )
L RG ( α ) =

∑

f v S *j

j =1
K

∑ S ( fu , f v ; α )

fu , fv ∈χ

K

−
2

∑ ∑ Dk ( fu , fv )

2

(1.18)

fu , f v k =1

 =1

where



K



k =1



χ = ( fu , f v ) ∈ ∑ Sk ( fu , f v ; α ) ≠ 0  .
2



(1.19)

Equation (1.18) represents a simplified likelihood function that depends only
on the unknown phase parameters. After determining the optimal phase parameters
by nonlinear optimization, Eq. (1.17) or various other image reconstruction methods
such as a Wiener filter may be used to compute the unknown object parameters (i.e.
an image of the object).
As stated earlier, the RG metric cannot be found for the case of Poisson noise
statistics. For that condition, it is not possible to find a closed form solution of
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Fmax(fu, fv), and the object parameters cannot be removed from the optimization.
However, for reasonably sized images, the optimization problem is still tractable on a
modern desktop computer.

1.4.6 Reduced Gaussian Metric Gradients

The gradients of Eq. (1.18) with respect to the unknown phase coefficients can be
readily computed. For a given phase coefficient, αo, the gradient is given by
2

K

∂L RG ( α )
∂
=
∂α o
∂α o

∑ D j ( fu , ) ( fu , f v ; α )
∑

f v S ∗j

j =1

fu , fv ∈χ

(1.20)

K

∑ S ( fu , f v ; α )

2

 =1

where the derivative of the second term in Eq. (1.18) evaluates to zero. Distributing
the derivative through and simplifying gives
∂L RG ( α )
=
∂α o

K

∑ ∑ Yk ( fu , fv )

∂Sk ( f u , f v ; α )
∂α o

fu , fv ∈χ k =1

+ c.c.

(1.21)

where c.c. denotes the complex conjugate of the preceding terms and Yk(fu, fv) is given
by
 K
 K

  ∑ D j S ∗j   ∑ S 2  Dk∗ −
   =1
  j =1



2
Yk ( fu , f v ) = 
K

2

 ∑ S 

  =1


0,


K

∑

2

D j S ∗j

j =1

where the dependence on (fu, fv) has been dropped for brevity.

Sk∗
,

fu , f v ∈ χ

fu , f v ∉ χ

(1.22)
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In order to evaluate the derivative of the OTF in Eq. (1.21), we must first
recall its dependency on the aberration parameters, α. The OTF is the Fourier
transform of the incoherent point spread function, but can also be written as the
autocorrelation of the generalized pupil function [63]
S k ( fu , f v ) =

∑

H k ( fu′, f v′ ) H k∗ ( fu′ − fu , f v′ − f v ) .

(1.23)

fu′ , fv′

The generalized pupil function, Hk(fu, fv), is given by

 πA

H k ( f u , f v ) = Pk ( fu , f v ) exp i k fu2 + f v2 
 λ Bk


(

)

(1.24)

where Pk(fu, fv) is the complex pupil function given in Eq. (1.5) and Ak and Bk are the
elements of the ABCD ray-transfer matrix that relates the pupil plane to the kth image
plane [62]. Using Eqs. (1.4) and (1.5), the explicit dependence of the OTF on the
unknown phase parameters, α, becomes clear.
As detailed in [56], the derivative in Eq. (1.21) can now be evaluated to yield
∂S k ( f u , f v )
∂α o

=

i 2π

λ

∑
fu′ , fv′

Z o ( fu′, f v′ )  H k ( fu′, f v′ ) H k∗ ( fu′ − fu , f v′ − f v )

(1.25)

− H k∗ ( f u′, f v′ ) H k ( fu′ + f u , f v′ + f v ) 

where Zo is the basis function corresponding to the phase coefficient αo. Substituting
Eq. (1.25) into Eq. (1.21) and performing a fair bit of algebra yields
∂L RG 8π
 K
=
Im ∑ ∑ Z o ( fu′, f v′ )H k ( fu′, f v′ )
∂α o
λ
 k =1 fu′ , fv′

× ∑ Yk∗ ( fu , f v ) H k∗ ( f u′ − fu , f v′ − f v )  .
fu , fv ∈χ


(1.26)
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Throughout this thesis, various metrics will be introduced that will require the
derivatives to be calculated in a similar way as was done here and in [56]. For each
metric, the procedure is the same and the form of the gradient will not change much
from Eq. (1.26). Variations to the phase diversity metric appear in the gradient as a
variation in the Yk(fu, fv) term. This makes it simple to interchange metrics that are
similar in form to Eq. (1.20) in a phase diversity algorithm.

1.5 Outline
This thesis will detail research that has advanced the state-of-the-art in phase
diversity algorithms as they pertain to segmented and multi-aperture systems.
In Chapter 2 we will present improvements made to the conventional phase
diversity algorithm.

A method for extending phase diversity to account for

broadband objects will be discussed and compared to a monochromatic algorithm.
Various regularization techniques will also be discussed and compared.
Chapter 3 will introduce a new method of implementing phase diversity that is
specific to segmented and multi-aperture systems. Making use of the segment or subaperture actuation, piston phases can be added to individual sub-apertures to create a
known diversity phase. This method is compared to the conventional method of
focus diversity.
Chapter 4 will build on the use of sub-aperture piston phase diversity and
show how it can be used to estimate object spectral content.
algorithm in Chapter 2 is used extensively.

The broadband
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Chapter 5 will detail laboratory work performed with a segmented MEMs
deformable mirror. The conventional monochromatic focus diversity algorithm is
tested as a baseline. Results using the broadband focus diversity algorithm and the
broadband sub-aperture piston phase diversity algorithm are also presented.
Chapter 6 will present additional work related to phase retrieval for
telescopes.

A phase-diverse phase retrieval algorithm that accounts for field-

dependent aberrations is presented and Cramer-Rao bounds are used to evaluate its
performance.
In Chapter 7 we will summarize the thesis and conclude. A plan for future
research on these topics will also be presented.
A list of acronyms can be found on page xxix.
The novel elements of this thesis are: (1) experimental demonstration of a
broadband phase diversity algorithm, (2) a derivation of and simulation and
experimental demonstration of sub-aperture piston phase diversity for segmented and
multi-aperture systems, (3) a new method of using phase diversity to estimate object
spectral content, (4) an investigation of regularization techniques for phase diversity
metrics, and (5) a theoretical and simulation-based comparison of multi-field
wavefront sensing using phase-diverse phase retrieval.
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2 Improvements to the Phase Diversity Algorithm
In this Chapter we will present modifications made to the conventional phasediversity algorithm. These modifications are not specific to segmented or multiaperture systems but rather generally advance the state-of-the-art in phase diversity.
In Section 2.1, we will discuss a broadband phase-diversity algorithm first
developed by Seldin et al [1]. We will present our implementation of the broadband
phase-diversity algorithm and compare it the conventional monochromatic
equivalent.
In Section 2.2, we will discuss regularization factors in the phase-diversity
error metric.

While many regularization techniques have been proposed in the

literature, we will discuss in detail three such techniques and compare each of them
with the conventional phase diversity algorithm.

2.1 Broadband Phase Diversity
2.1.1 Introduction

In reality it is unlikely that an object of interest will be truly monochromatic.
Conventional phase diversity methods either assume a monochromatic object or
simply ignore the effects due to broadband light. Narrowband spectral filters must be
used to enforce the monochromatic constraint for conventional phase diversity,
reducing the amount of light available for imaging and therefore reducing the signalto-noise ratio (SNR). Furthermore, broadband imaging may be part of the science
requirement, prohibiting the use of such filters. For example, in Fourier transform
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imaging spectroscopy (FTIS), it is the spectral content of the image that is directly of
interest [2, 3].
In this section we discuss a broadband phase-diversity algorithm developed by
Seldin et al [1]. We present our implementation of the algorithm as well as results
comparing the broadband algorithm to the conventional monochromatic algorithm.

2.1.2 The Gray-World Approximation

Typical phase-diversity algorithms use nonlinear optimization techniques to match
intensities, computed from a model estimate of the system, to the collected data. This
is usually accomplished by maximizing a likelihood function depending on the
dominant noise mechanism of a system. For example, in the Gaussian noise regime,
the log-likelihood function is given in the Fourier domain by
K

L ( f , α ) = −∑

∑

Dk ( fu , f v ) − F ( fu , f v ) Sk ( fu , f v ; α )

2

(2.1)

k =1 fu , fv

where f are the unknown object parameters (typically N × N object pixel values), α
are the unknown phase parameters (typically J polynomial coefficients), K is the
number of diversity images, (fu, fv) are the Fourier-domain spatial-frequency
coordinates, D is the Fourier transform of the detected images, F is the Fourier
transform of the current estimate of the object, and Sk is the current estimate of the
system optical transfer function (OTF) for the kth diversity image. Equation (2.1) is to
be maximized with respect to the unknown quantities f and α.
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As shown in Section 1.4.5, the search space of the nonlinear optimization
procedure can be reduced by removing the object pixel values explicitly from the
metric. The reduced Gaussian metric is then given as
2

K

∑ D j ( fu , ) ( fu , f v ; α )
L RG ( α ) =

∑

f v S *j

j =1
K

∑ S ( fu , f v ; α )

fu , fv ∈χ

2

K

− ∑∑ Dk ( fu , f v ) . (2.2)
2

u ,v k =1

 =1

In the presence of broadband light, Eq. (2.1) becomes
K

L ( f , α ) = −∑

2

∑

k =1 fu , fv

Dk ( fu , f v ) − ∑ Fλ ( fu , f v ) Sk ,λ ( fu , f v ; α )

(2.3)

λ

where λ indexes the spectral bands of the object. Notice that the unknown object
parameters and the unknown phase parameters are coupled by the summation over
wavelength. This coupling prevents us from obtaining a closed-form solution of the
reduced Gaussian metric. In this case, a simultaneous optimization over the unknown
object parameters and unknown phase parameters must be performed.
An alternative is to consider the approximation
fλ ( u , v ) ≈ Φ λ f ( u, v ) ,

(2.4)

known as the gray-world approximation, which assumes that every pixel in the object
has the same spectrum, defined by the spectral coefficient Φλ. At first the gray-world
approximation may seem naive; however, for regions of images of natural scenery,
the gray-world approximation proves to be quite robust over moderately large
spectral bandwidths. For example, Figure 2-1 shows a portion of an AVIRIS data set
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[4]. This data set is truly multi-spectral, with each pixel having a unique spectrum
ranging from 495 nm to 1,506 nm. Figure 2-2 shows the average pixel spectrum with
the error bars representing a single standard deviation. For moderate bandwidths in
this spectrum, the gray-world approximation is fairly robust. This approximation
may also be true for some astronomical images.

Figure 2-1: A 500 × 500 pixel portion of an AVIRIS data set. The spectral band corresponding
to a wavelength of 1 µm is shown. Highlighted regions correspond to the average pixel spectra in
Figure 2-2.
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Figure 2-2: The average spectrum over a 1.011 µm bandwidth centered about 1 µm of every
pixel in the regions shown in Figure 2-1. Error bars represent a single standard deviation. The
average spectra are displaced vertically for clarity.

Under the gray-world approximation, Eq. (2.3) becomes
K

L ( f , α ) = −∑

2

∑

Dk ( fu , f v ) − F ( fu , f v ) ∑ Φ λ Sk ,λ ( fu , f v ; α ) ,

(2.5)

λ

k =1 fu , fv

and the unknown object parameters and unknown phase parameters are decoupled,
allowing a reduced Gaussian metric to be computed
2

K

∑ D j ( fu , f v ) ∑
L RG ( α ) =

∑
fu , fv ∈χ

Φ λ S *j ,λ

( fu , f v ; α )

λ

j =1

2

K

∑ ∑ Φ λ S  ,λ ( f u , f v ; α )

(2.6)

 =1 λ
K

−∑∑ Dk ( fu , f v )
u ,v k =1

2
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where χ restricts the summation over spatial frequencies were the denominator does
not equal zero.
The process of calculating analytic gradients of Eq. (2.6) is very similar to that
presented in Section 1.4.6 except now the OTF terms, Sk (fu, fv), become the grayworld spectral OTFs given by
S k ( f u , f v ; α ) = ∑ Φ λ S k ,λ ( f u , f v ; α ) ,

(2.7)

λ

and Eq. (1.25) becomes
∂S k ( f u , f v ; α )
∂α o

= ∑ Φλ

∂S k ,λ ( fu , f v ; α )
∂α o

λ

= ∑ Φλ
λ

i 2π

λ

∑

Z o ( fu′, f v′ )

fu′ , fv′

(2.8)

×  H k ,λ ( fu′, f v′ ) H k∗,λ ( fu′ − fu , f v′ − f v )
− H k∗,λ ( fu′, f v′ ) H k ,λ ( fu′ + fu , f v′ + f v ) 

where an additional summation over wavelength is required. Similarly, Eq. (1.26)
becomes
 K
∂L RG
Φ
= 8π Im ∑∑ λ
∂α o
 k =1 λ λ

∑ Zo ( fu′, fv′) H k ,λ ( fu′, fv′)
fu′ , fv′


× ∑ Yk∗ ( fu , f v ) H k∗,λ ( fu′ − fu , f v′ − f v ) 
fu , fv ∈χ


(2.9)

where Yk (fu, fv) is still given by Eq. (1.22) with the exception of the gray-world
spectral OTF substitution given by Eq. (2.7). Equation (2.9) is similar to Eq. (25) in
[1].
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2.1.3 Comparison of Broadband and Monochromatic Phase Diversity

A series of digital simulations was performed to evaluate the performance of
conventional phase diversity when a broadband object is present but is assumed to be
monochromatic, i.e. when Eq. (2.2) is used as the objective function.

The

performance results were then compared to the case when the gray-world
approximation is made and Eq. (2.6) is used for two scenarios: when the spectral
coefficients, Φλ, are known, and when the spectral coefficients are assumed to be
uniform. The number of spectral coefficients used to sample the bandwidth is also
varied.
The object used for this study was taken from a set of AVIRIS data which
consists of spectroscopic images with a spectral resolution of 10 nm. Images were
simulated for a triarm-9 aperture having 0.22 λo RMS of wavefront error. The
wavefront error consisted of Zernike terms up to 6th order on the global aperture and
up to 4th order on each sub-aperture. Figure 2-3(a) shows the triarm-9 aperture and
Figure 2-3(b) shows the wavefront error. Five diversity images were simulated, using
[–2, –1, 0, 1, 2] λo peak-to-valley (PV) of quadratic focus diversity. Each set of
images had a center wavelength of 1 µm and bandwidths between 0 and 1.011 µm.
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Figure 2-3: (a) Triarm-9 aperture. (b) Wavefront error realization used for image simulation,
0.22 λo RMS at a wavelength of 1 µm, consisting of Zernike polynomials up to 6th order over the
global aperture and up to 4th order on each sub-aperture. Scale has units of µm.

Realistic noise effects were included in the simulation. The peak pixel in each
image was set to 80% of a 50,000 e– well-depth. Intensity-dependent Poisson noise
was included along with zero-mean, additive Gaussian noise with a standard
deviation of 15 e–. The images were then quantized to 12 bits to simulate analog-todigital conversion.
Strehl ratio was used as a metric to compare the performance of the two
methods since it is insensitive to global piston, tip, and tilt phase errors, which the
phase diversity algorithm cannot estimate and which do not affect image quality.
Given a true wavefront optical path difference (OPD), Wtrue, and the wavefront OPD
estimated by the phase-diversity algorithm, West, we calculate the residual OPD error
as Wres = Wtrue – West. A pupil function is constructed from the residual OPD error as
 2π

Pres ( x, y ) = P ( x, y ) exp i
Wres ( x, y )  . (2.10)
 λ


43

If Wres is equal to zero, then the pupil function represents a diffraction-limited system.
A series of monochromatic impulse response functions is computed by propagating
Pres(x, y) to the image plane for each wavelength in the bandwidth. The squaredmagnitude of the impulse response functions are then summed together to compute
sres(u, v), a broadband incoherent point spread function. The Strehl ratio quantifying
the residual error is then defined as

S .R. =

max  sres ( u, v ) 
u ,v

sDL ( 0,0 )

(2.11)

where sDL(u, v) is the broadband incoherent PSF of a diffraction-limited system. If
Wres is equal to zero, then
sres ( u, v ) = sDL ( u, v )

(2.12)

and the residual Strehl ratio is equal to unity. As the error in estimating the wavefront
increases, Wres becomes non-zero and energy is spread away from the core of the
PSF, reducing the maximum value of sres(u, v). Thus as the error in wavefront
estimation increases, the residual Strehl ratio decreases.

Using Marechal’s

approximation [5],

(

S .R. ≈ exp −σ 2

)

(2.13)

where σ is the RMS wavefront error in radians, a Strehl ratio of 0.80 corresponds to
an RMS wavefront error of 0.075 λo. To accurately evaluate the maximum in Eq.
(2.11), the PSFs were upsampled by a factor of 100 using a fast, efficient upsampling
algorithm by matrix-multiply DFT [6, 7].
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Figure 2-4 shows the results from the first set of simulations in which it was
assumed the gray-world spectral coefficients were known.

Depending on the

bandwidth, between 21 and 111 wavelengths were used to simulate the imagery.
However, only three, seven or eleven wavelengths were used to sample the bandwidth
in the phase diversity algorithm. These results are compared to using just the center
wavelength of 1 µm and assuming the object is monochromatic. The monochromatic
algorithm achieved Strehl ratios greater than 0.8 for bandwidths up to 60%, and
greater than 0.95 for bandwidths up to 25%. However, using only three wavelengths
to sample the bandwidth allowed the phase-diversity algorithm to estimate the phase
to a Strehl better than 0.8 for bandwidths of 100%, and a Strehl better than 0.95 for
bandwidths up to 50%. For these bandwidths, using more than seven wavelengths to
sample the bandwidth did not result in a significant increase in phase estimation
accuracy. This behavior would likely depend on the object spectral content, as more
complicated spectra would require more coefficients to be adequately represented.
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Figure 2-4: Phase estimation error vs. percent bandwidth. For bandwidths exceeding 60%, the
monochromatic algorithm performs poorly, while the broadband algorithm can achieve Strehl
ratios greater than 0.80 for bandwidths (∆
∆λ/λo) of 100%. The broadband algorithm used here
assumed the gray-world spectral coefficients were known.

The data from Figure 2-4 corresponding to the monochromatic algorithm and
the algorithm using seven known coefficients is repeated in Figure 2-5 which also
includes the case when the seven coefficients are not known and are assumed to be
uniform. As expected, when the gray-world spectral coefficients are known, the best
phase estimation results.

However, even with no knowledge of the spectral

coefficients, Strehl ratios greater than 0.8 can be achieved for bandwidths up to 90%,
and Strehl ratios greater than 0.95 can be achieved for bandwidths up to 40%.
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Figure 2-5: Seven spectral coefficients were used to sample the bandwidth. The blue dashed line
assumed the spectral coefficients were known, while the green dash-dot line assumed the
spectrum was uniform. The monochromatic algorithm is also plotted in red for comparison.

2.1.4 Summary

We have tested a broadband phase-diversity algorithm based on a gray-world
assumption on the object being observed. The broadband algorithm was compared to
a conventional monochromatic phase-diversity algorithm.

The monochromatic

algorithm performs moderately well, resulting in an estimation error smaller than
0.075 λo RMS for bandwidths up to 60%. However, using only three known spectral
coefficients to sample the bandwidth, the broadband algorithm was able to achieve
greater accuracy for bandwidths of 100%.
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Assuming no knowledge of the spectral coefficients and assuming a uniform
spectrum sampled by seven coefficients resulted in a phase estimation error smaller
than 0.075 λo RMS for bandwidths up to 90%.

2.2 Comparison of Regularization Techniques for Phase Diversity
2.2.1 Introduction

Consider the reduced Gaussian (RG) metric of Eq. (2.2), reprinted here:
2

K

∑ D j ( fu , ) ( fu , f v ; α )
L RG ( α ) =

∑
fu , fv ∈χ

f v S *j

j =1
K

∑ S ( fu , f v ; α )

2

K

− ∑∑ Dk ( fu , f v )

2

(2.2)

u ,v k =1

 =1

where α is a vector of the unknown phase parameters, (fu, fv) are spatial frequency
coordinates, K is the number of diversity images, Dk is the Fourier transform of the kth
detected image, Sk is the kth optical transfer function (OTF), and χ is the set of spatial
frequencies at which the denominator does not equal zero. Limiting the summation
over χ acts as a regularization term since it masks regions of the frequency domain
where we do not expect there to be any meaningful signal. Any non-zero values
outside of the passband of the OTF must be noise, and therefore will not contribute to
and likely hinder the estimation of the system phase or object parameters.
Furthermore, summing over χ prevents the value of the error metric from diverging
for regions within the passband of the OTF where aberrations or aperture sparsity
may cause the OTF to be zero-valued.
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A limitation of the reduced Gaussian metric is its behavior in situations of low
signal-to-noise ratio (SNR). For example, at high spatial frequencies, Dk(fu, fv), the
Fourier transform of the detected image, will likely have low SNR since both the
object Fourier transform and the OTF will have small values there. Since the signal is
dominated by noise for these spatial frequencies, it might be desirable to limit, but
perhaps not exclude, their contribution to the estimation process with an intelligently
chosen spatial-frequency-domain regularization.
Many regularization techniques have been developed in the literature,
including methods that define simple weighting functions that act on the frequency
data to more sophisticated methods that utilize SNR information via the object and
noise power spectra [8-13]. In this section we will present three such SNR-based
regularization techniques and compare their performance to the reduced Gaussian
metric of Eq. (2.2). The first regularized metric is based on a Wiener-filter model of
the object and was suggested to us by Rick Paxman of General Dynamics. The
second and third regularized metrics are based on a Bayesian maximum a posteriori
derivation and were first published by Blanc et al. in 2003 [8].

2.2.2 The Multi-frame Wiener Filter Regularization

In Section 1.4.5 it was shown that in order to obtain the RG metric of Eq. (2.2), an
inverse-filtered version of the object was substituted into the Gaussian log-likelihood
metric.

If instead we substitute a Wiener-filtered version of the object, then a

regularized reduced Gaussian (RRG) metric can be derived.
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Yaroslavsky and Caulfield [14] defined the kth frame of a multi-frame Wiener
filter as
Ψ ( f , f )

S k∗ ( fu , f v )  O u v
Ψ N ,k ( fu , f v ) 

Wk ( fu , f v ) =
K
2 Ψ ( f , f )

1 + ∑ Sm ( fu , fv )  O u v
Ψ N ,m ( fu , f v ) 

m =1

(2.14)

where Sk(fu, fv) is the kth OTF, K is the number of frames, ΨO(fu, fv) is the object power
spectrum, and ΨN,k(fu, fv) is the noise power spectrum of the kth frame. Using this
filter, the reconstructed Fourier data can be computed using the K detected frames as
K

Fˆ ( f u , f v ) = ∑ Dk ( fu , f v ) Wk ( fu , f v )

(2.15)

k =1

where Dk(fu, fv) is the Fourier transform of the kth detected image.
Assumptions can be made that will simplify Eq. (2.14). First, we assume the
noise power spectrum, ΨN,k(fu, fv), does not vary from frame to frame.

This

assumption is valid if the images are collected by the same detector within a
moderately short period of time during which the noise statistics of the system do not
vary. Secondly, we assume that the noise power spectrum is uniform with respect to
spatial frequency.

This assumption is valid because the power spectrum of an

uncorrelated random process is uniform. Under these two assumptions, ΨN,k (fu, fv)
becomes ΨN and Eq. (2.14) can be simplified to
Wk ( fu , f v ) =

Sk∗ ( fu , f v )
K
2
ΨN
c
+ ∑ S m ( fu , f v )
Ψ O ( fu , f v ) m=1

.

(2.16)
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where we have also included a constant, c, that can be used to “tune” the filter to
emphasize either image sharpening or noise suppression.
Using Eqs. (2.15) and (2.16), Fˆ ( fu , f v ) , an estimate of the object, is formed
and substituted into the log-likelihood function of Eq. (2.1). After simplifying, the
RRG metric is given by

K
Ψ N 
2

2 ∑ S m + 2c
ΨO 
 K
L RRG ( α ) = ∑  ∑ D j S *j m=1
2
fu , fv ∈χ  j =1
K
ΨN  
2
 ∑ S + c


Ψ O  
  =1


(2.17)

where the dependence on (fu, fv) has been dropped for brevity. The summation limit
over χ is retained because it limits the number of pixels over which the calculations
must be performed, although mathematically it has no effect. Inside of the region
defined by χ, the noise-to-signal ratio (NSR) defined by (ΨN/ΨO) appropriately
weights the spatial frequencies.

2.2.3 The Joint Maximum A Posteriori Metric

Blanc et al. derived a metric very similar to the RRG metric using a Bayesian
maximum a posteriori interpretation of the phase diversity problem [8]. Bayes’
theorem defines the probability of an object f and a set of phase parameters α
resulting in a set of detected images, {dk(u, v)}, as
P f , α | {d k ( u, v )} =

P {d k ( u, v )} | f , α  P [f ] P [α ]
P {d k ( u, v )}

.

(2.18)
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We assume P[{dk(u, v )}] is equal to unity. The object and phase can be estimated by
maximizing Eq. (2.18) with respect to f and α.
Blanc et al. make several assumptions on the noise, object and phase statistics
and form a log-likelihood function similar to that derived by Paxman et al. [15]. An
object estimate is calculated by differentiating the log-likelihood function with
respect to the object pixel values and setting it equal to zero. The object estimate is
then substituted back into the log-likelihood function to find an object-independent
metric.
Blanc et al. derive their metric for the specific case of K = 2 diversity images.
We generalize the joint maximum a posteriori (JMAP) metric for arbitrary K and
drop additive constant and multiplicative scale factors to obtain the JMAP metric
K

∑
L JMAP ( α ) =

∑
fu , fv ∈χ

2

D j S ∗j

j =1

K
Ψ 
2
Ψ N  ∑ Sm + N 
ΨO 
 m=1

.

(2.19)

2.2.4 The Marginal A Posteriori Metric

The second metric developed by Blanc et al. is the marginal a posteriori metric
(mAP) [8].

The mAP metric begins with the same Bayesian a posteriori log-

likelihood function as the JMAP metric. However, instead of determining the object
estimate from the derivative, the object is marginalized, or integrated out of the
probability. To marginalize a quantity is to compute a marginal probability law by
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summing over all possible values of the quantity. Under these circumstances, Eq.
(2.18) becomes
P α | {d k ( u, v )} = ∫

P {d k ( u, v )} | f , α  P [f ] P [ α ]
df .
P {d k ( u, v )}

(2.20)

Using this technique, the object is integrated out of the a posteriori log-likelihood and
the mAP metric is obtained. Again, we extend the original derivation to account for
an arbitrary number of diversity images and drop additive constants:
K

∑
L mAP ( α ) =

∑
fu , f v ∈χ

2

D j S ∗j

j =1

K
Ψ 
2
Ψ N  ∑ Sm + N 
ΨO 
 m=1

+

K
Ψ 
2
ln ∑ S + N  . (2.21)
ΨO 
fu , fv ∈χ
  =1

∑

Notice Eq. (2.21) is equivalent to the JMAP metric of Eq. (2.19) except for the
addition of the natural logarithm term.

2.2.5 Analytic Gradients of New Metrics

As was discussed in Section 1.4.6, the gradients of the RRG, JMAP and mAP metrics
are calculated exactly the same way as for the RG metric. A detailed derivation for
the case of the RRG metric is given in Appendix A. For each, the final gradient
expression is given by
 K
∂L met 8π
=
Im ∑ ∑ Z o ( fu′, f v′ )H k ( fu′, f v′ )
λ
∂α o
 k =1 fu′ , fv′

∗
∗
′
′
× ∑ Ymet
f
,
f
H
f
−
f
,
f
−
f
(
)
(
)
,k
u
v
k
u
u v
v 
fu , fv ∈χ


(2.22)
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where only the Ymet,k(fu, fv) term changes for each metric. For the case of the RRG
metric, the Y-term is given by
2

YRRG ,k

K
 K
 K
Ψ  ∗
2
∗ 
D j S ∗j Sk∗
 ∑ D j S j   ∑ Sm + 2c N  Dk
∑
ΨO 
j =1
j =1
  m=1
=
+
2
2
K
K
ΨN 
ΨN 
2
2
 ∑ S + c

 ∑ S + c

ΨO 
ΨO 
  =1
  =1
2

K



K

∑ D j S ∗j  ∑ Sm
−2

 m=1

j =1

2

+ 2c

K
ΨN 
2
 ∑ S + c

ΨO 
  =1

ΨN 

ΨO 

3

(2.23)

.

For the JMAP metric, the Y-term is given by
2

YJMAP ,k

K
 K
 ∗
∗
 ∑ D j S j  Dk
∑ D j S ∗j Sk∗
j =1
j =1

= K
−
.
2
K

ΨN 
2


Ψ
2
 ∑ S +
 Ψ N  ∑ S + N 
Ψ
ΨO 
O 
  =1
  =1

(2.24)

Finally, for the mAP metric, the Y-term is given by
2

YmAP ,k

K
 K
 ∗
∗
 ∑ D j S j  Dk
∑ D j S ∗j Sk∗
j =1
j =1

= K
−
2
K

ΨN 
2


Ψ
2
N
 ∑ S +
 Ψ N  ∑ S +

ΨO 
ΨO 
  =1
  =1

−

Ψ N S k∗
K
ΨN 
2
 ∑ S +

ΨO 
  =1

(2.25)
.
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2.2.6 Estimating the Object and Noise Power Spectra

All three of the regularized metrics require a priori knowledge of the object and noise
power spectra. However, one of the fundamental assumptions of phase diversity is
that the object is not known. Instead the object and noise power spectra are estimated
from the detected images, assuming no prior on the object or noise.
We use the same implementation developed by Thurman and Fienup in [16].
The object power spectrum is assumed to be radially symmetric and of the form
 2 A2
Ψ O ( f u , f v ) =  2 −2 γ
 A ρ

ρ ( fu , f v ) = 0

(2.26)

ρ ( fu , fv ) ≠ 0

where A and γ are constants and ρ(fu, fv) is given by
1

ρ ( fu , fv ) =  fu2 + fv2  2 .

(2.27)

The object power spectrum parameters A and γ and the noise power spectrum ΨN are
then estimated by minimizing the metric
2

D ( fu , f v )
1

E= ∑

ρ ( fu , f v )  S ( f , f ) 2 Ψ ( f , f ) + Ψ
fu , f v
u v
O
u v
N

ρ ( f , f )≠ 0

(2.28)

u v

}

2
+ ln  S ( fu , f v ) Ψ O ( f u , f v ) + Ψ N  .



For this estimation, only the Fourier transform of the zero-diversity image and the
zero-diversity OTF are used.
Since the OTF is required in estimating the object and noise power spectrum,
a round-robin method must be used with a phase diversity algorithm that utilizes one
of the regularized metrics. Initially, a guess of small random values is made to the
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unknown phase parameters and an OTF is computed. The OTF is then used to
estimate starting guesses to the object and noise power spectra. These values are then
used in one of the regularized metrics in a phase-diversity algorithm to refine the
estimate of the phase. After some moderate number of iterations, the refined phase
estimate is used to compute a new OTF and another optimization is performed to
update the estimation of the object and noise power spectra. The process repeats until
the phase estimation converges. One final estimate of the object and noise power
spectra is then performed for use in a multi-frame Wiener filter, as in Eq. (2.16), to
reconstruct an image of the object.

2.2.7 Comparison of Regularization Techniques

A series of digital simulations was run to compare the three regularized metrics with
the conventional RG metric for various levels of SNR. The object used for this study
was again taken from a set of AVIRIS data which consists of spectroscopic images
with a spectral resolution of 10 nm. Images were simulated for a triarm-9 aperture
having 0.19 λo RMS of wavefront error. The wavefront error consisted of Zernike
terms up to 6th order on the global aperture and up to 2nd order on each sub-aperture.
Ten different wavefront realizations were randomly generated. Figure 2-6(a) shows
the triarm-9 aperture and Figure 2-6(b) shows a representative wavefront error. Three
diversity images were simulated, using [–2, 0, 2] λo peak-to-valley (PV) of quadratic
focus diversity. Each set of images had a center wavelength of 1 µm and a bandwidth
of 19 nm. The broadband phase diversity metric of Section 2.1 was used assuming
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three spectral coefficients equal to unity. Figure 2-7 shows a panchromatic version of
the object.

0.3
0.2
0.1
0
-0.1
-0.2
(a)

-0.3

(b)

Figure 2-6: (a) A binary Triarm-9 aperture mask, (b) a representative wavefront. Colorbar has
units of waves
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Figure 2-7: Example panchromatic object.
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The average pixel SNR was varied by setting the image peak pixel to values
between 100 e– and 50,000 e–. Intensity-dependent Poisson noise was then added
along with zero-mean, additive Gaussian noise with a standard deviation of 15 e–. A
dark current of 0.1 e–/s was assumed over a 1 second integration time. Table 2-1
shows the peak pixel photon count and corresponding SNRs. For each of the 10
wavefront realizations, 10 independent noise realizations were simulated.

Table 2-1: Number of photons in the peak pixel of each image and the corresponding average
pixel SNR.

Peak Pixel
Photons (e–)
Average Pixel SNR

100

500

5

17

1000 2500 5000
26

44

63

7500

10,000

50,000

78

90

204

The average pixel SNR is defined as
SNR =

1
MN

∑
u ,v

g ( u, v )
2
2
+ σ read
g ( u, v ) + σ dark

(2.29)

where M and N are the number of rows and columns in the array, g(u,v) is the noise2
free image given by Eq. (1.10), σ dark
is the variance associated with the dark current
2
and σ read
is the variance associated with the read noise.

We use three criteria to compare the metrics. The first is the Strehl ratio, as
defined in Section 2.1.3, Eq. (2.11), which measures the accuracy of the phase
estimation. We also consider the convergence properties of each metric. Finally, the
number of iterations required before each metric reaches its stopping criteria is also
compared. Since the time required to evaluate each metric and its gradients is nearly
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identical, the number of iterations is a good measurement of the amount of
computation required by each metric.
Figure 2-8 shows the results with respect to phase estimation, plotting the best
Strehl ratio of the 100 trials for each metric at each noise level. For low SNR (few
photons in the peak pixel), it is clear that the conventional RG metric did poorly. All
three of the regularized metrics yielded more accurate phase estimation, with the
RRG metric as the most accurate and the JMAP metric nearly equal. Both metrics
resulted in a residual Strehl ratio greater than 0.80 which corresponds to an RMS
error of 0.075 λo.
Figure 2-9 shows a detail of the curve at high SNR.

All four metrics

performed comparably well, achieving Strehl ratios greater than 0.99 and differing
only in the third decimal place. The RG and mAP metric barely outperformed the
JMAP and RRG metric.
Figure 2-10 shows a scatter plot of all 100 trials for each metric at each noise
level. For low SNR it is clear that convergence of the algorithm is highly variable,
with each metric spanning a large range of Strehl ratios. However, both the RRG and
JMAP metric occasionally achieved residual Strehl ratios of greater than 0.8 which,
using Marechal’s approximation [5], corresponds to an RMS wavefront error of 0.075

λo. This is commonly thought to be an acceptable level of phase error, although a
system with an RMS error of 0.075 λo should be measured by something with an
estimation error several times better than 0.075 λo RMS.
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Figure 2-8: Phase estimation accuracy for the four metrics. The best Strehl ratio from 100 trials
was plotted for each metric at each noise level. At low SNR (fewer photons in the peak pixel), the
conventional RG metric performs poorly. At high SNRs, all four metrics perform comparably
well.
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Figure 2-9: Detail of high SNR region of Figure 2-8. While all four metrics achieve Strehl ratios
of greater than 0.99, the conventional RG metric and mAP metric achieve the most accurate
phase estimations.
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For high SNR, all four metrics showed improved convergence with the
exception of a few trials of the three regularized metrics.

The outlier points

correspond to situations in which the estimation of the object and noise power spectra
stagnated and became stuck in a local minimum of the search space. When this
occurs, unrealistic values are estimated for the object and noise power spectra and
consequently the phase-diversity algorithm fails to accurately estimate the phase
parameters.
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0.8

RG
RRG
mAP
JMAP

0.6

0.4

0.2

0
0

50

100
150
Average Pixel SNR

200

Figure 2-10: Scatter plot of all 100 trials for each metric at each noise level. For low SNR all
four metrics converge to a very broad range of Strehl ratios. For high SNR, the range is much
more compact, with the exception of instances of the regularized metrics when the object and
noise power spectrum estimation failed.
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In real world scenarios, one would not have the true wavefront error to
compute the residual Strehl ratio.

Instead, knowledge of convergence must be

obtained from the objective function value computed in the phase-diversity algorithm.
Figures 2-11 through 2-14 show scatter plots of the residual Strehl ratio vs. objective
function value for 10 different starting guesses for each error metric. In general,
lower objective function values correspond to higher residual Strehl ratios, indicating
good phase estimation. For the RG, RRG and mAP metrics, the trials corresponding
to an SNR of 17 are the only outliers in which the highest residual Strehl ratio does
not correspond to the lowest objective function value. We do not understand why
these particular trials deviated from the trend.
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Figure 2-11: Residual Strehl ratio vs. objective function value for 10 random starting guesses of
the reduced Gaussian metric. The inset shows a detail of the high residual Strehl ratio regime.
Except for the SNR level of 17, a lower objective function value corresponds to a higher residual
Strehl ratio.
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Figure 2-12: Residual Strehl ratio vs. objective function value for 10 random starting guesses of
the regularized reduced Gaussian metric. The inset shows a detail of the high residual Strehl
ratio regime. Except for the SNR level of 17, a lower objective function value corresponds to a
higher residual Strehl ratio.

For both the mAP and JMAP metrics the highest SNR trials obtain high
residual Strehl ratio values for a broad range of objective function values. Therefore,
even if we do not select the lowest objective function value, we are still assured good
phase estimation.
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Figure 2-13: Residual Strehl ratio vs. objective function value for 10 random starting guesses of
the marginal a posteriori metric. The inset shows a detail of the high residual Strehl ratio
regime. The lowest objective function value does not necessarily correspond to the highest
residual Strehl ratio; however, for high SNR there is little change in the residual Strehl ratio for
a range of objective function values.

Figure 2-15 shows the average number of iterations required for each metric at
each noise level.

This does not include the additional optimization required to

estimate the object and noise power spectra.

Error bars correspond to a single

standard deviation. From this plot it is clear that the number of iterations required
before the algorithm reaches its exit criteria is highly erratic.

However, the

conventional RG metric uniformly required fewer iterations to converge.
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Joint Maximum A Posteriori
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Figure 2-14: Residual Strehl ratio vs. objective function value for 10 random starting guesses of
the joint maximum a posteriori metric. The inset shows a detail of the high residual Strehl ratio
regime. The lowest objective function value does not necessarily correspond to the highest
residual Strehl ratio; however, for high SNR there is little change in the residual Strehl ratio for
a range of objective function values.

2.2.8 Summary

Four phase-diversity metrics were compared. The conventional RG metric and three
regularized metrics were derived and analytic gradients of each were computed. The
RRG metric was based on a similar derivation as the RG metric, except a Wienerfiltered version of the object was used to regularize and reduce the metric. The JMAP
and mAP metric were both derived from a Bayesian maximum a posteriori metric by
Blanc et al for the case of K = 2 diversity images and extended here to an arbitrary
number of diversity images. For all three of the new metrics the object and noise
power spectra were estimated from the detected images.
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Figure 2-15: Number of iterations required before the metric reached exit criteria. Uniformly,
the RG metric required fewer iterations than the three regularized metrics. These numbers do
not reflect the additional optimization required to estimate the object and noise power spectra.
Error bars represent a single standard deviation.

Digital simulations showed that while the RG metric uniformly required fewer
iterations to converge, the RRG metric achieved the most accurate phase estimation at
low SNR. For high SNR, all four metrics achieved comparable accuracy in phase
estimation. We conclude that for high SNR data, the RG metric should be used as it
requires less computation. However, for low SNR data, the RRG metric will more
likely yield a better phase estimate.
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2.3 Appendix A: Simulating Broadband Images
Some care must be taken in digitally modeling a broadband image due to the
dependence of the size of pixels in the pupil on wavelength. Equations (2.30) and
(2.31) show the discrete Fourier transform (DFT) as defined by MATLAB® and a
discrete optical transform, respectively:
F ( p, q ) =

M −1, N −1

∑

m,n =0

F ( p, q ) =

M −1, N −1

∑

m,n =0


 mp nq  
f (m, n) exp  −i 2π 
+  ,
 M N 


(2.30)

 2π

f (m, n) exp  −i
m∆ x p∆u + n∆ y q∆v  ,
 λz


(

)

(2.31)

where (p, q) and (m, n) are pixel indices, M and N are the number of rows and
columns in the array, ∆u and ∆v are the pixel pitches in the (u, v) plane (image), ∆x
and ∆y are the pixel pitches in the (x, y) plane (pupil), λ is the wavelength and z is the
propagation distance. The pixel pitch is defined to be the distance between pixel
centers. Comparing the Fourier kernels, it is clear that
M=
N=

λz
∆ x ∆u

λz

.

(2.32)

∆ y ∆v

Of these quantities, the sample spacing in the image plane is fixed by the physical
detector pixel size, λ is fixed by the spectral bandpass of the system and z is fixed by
the optical system. Therefore, either the array sizes, M and N, or the pupil pixel
dimensions, ∆x and ∆y, are free to be chosen. Re-arranging Eqs. (2.32) yields
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∆x =
∆y =

λz
M ∆u

λz

(2.33)

N ∆v

which show that the digital sampling of the pupil function changes with wavelength.
Longer wavelengths “see” larger pixels in the pupil plane. Figure 2-16 shows an
example of this effect. In Figure 2-16(a), a cut through a quadratic phase function is
shown plotted vs. pixel index for three wavelengths. Because the red pixels are larger
than the blue pixels, it takes fewer of them to represent the pupil and a coarser
sampling is the result. In Figure 2-16(b), the same quadratic function is plotted vs.
pupil coordinate in physical units of meters. As expected, the physical size the pupil
does not change with wavelength. Also apparent in Figure 2-16 is the effect that the
values of the phase scale with wavelength as well. This effect is clear from the form
of the complex pupil function in Eqs. (1.4) and (1.5) in which the phase in radians is
given by (2π / λ)OPL, where OPL is the optical path length.
There are two ways to model the effect of pupil sample size scaling with
wavelength [17]. The first is to use Eqs. (2.33) to calculate pixel pitch in the pupil for
each wavelength. Then defining the aperture size in real units (e.g. radius = 1 m, etc.)
on each coordinate set will determine the number of pixels across the aperture at each
wavelength. The optical transform can then be performed by using the MATLAB®
DFT in Eq. (2.30) and the resulting image plane PSF will have the appropriate
sampling for each wavelength. While this method is very easily implemented, a
drawback is that a copy of the pupil must be held in memory for every wavelength
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being modeled, including all pupil quantities such as apertures and sub-apertures,
basis functions, apodizations, etc.

For large array sizes and a large number of

wavelengths, computer memory can quickly become a limitation.

(a)

Phase [radians]

16

(b)

450 nm
550 nm
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-1.5 -1 -0.5 0 0.5 1 1.5
Pupil Coordinate [m]

Figure 2-16: (a) A cut through a 1 µm PV quadratic phase vs. pixel index for each of three
wavelengths. Longer wavelengths see larger pixels and therefore require fewer pixels to sample
the pupil. The amplitude of the phase error also scales with wavelength. (b) When plotted vs.
pupil coordinate it is clear that the physical aperture size does not change with wavelength.

The second method to account for the wavelength scaling is to use Eqs. (2.32)
and scale the array size. In this method, the DFT of Eq. (2.30) is only performed over
the number of pixels, M and N, as determined by Eqs. (2.32). The advantage to this
method is that only a single copy of the pupil quantities needs to be held in memory.
The arrays are zero-padded or cropped appropriately before performing the DFT to
propagate the pupil plane to the image plane. The array is then cropped or zeropadded back to the desired array size. If Mo and No are the array dimensions for
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reference wavelength λo, then the pad-size or crop-size for wavelength λ can be
derived from Eqs. (2.32):
∆ x ∆u =

λ z
= 
Mo M

λo z

λ
∴M = Mo  .
λo

(2.34)

We note that Eq. (2.34) is different from Eq. (4) in [17] which is in error. If
calculating M  results in a non-integer array size, it is rounded to the nearest integer
and λ is recalculated. For typical array sizes, this process results in a very small
change in λ .
A disadvantage of this method is that the calculated array sizes may be prime
or non-highly-composite numbers which may hinder the efficiency of calculating the
DFT using a fast Fourier transform (FFT). However, on modern desktop computers
using recent versions of MATLAB®, this effect is relatively small. Furthermore, if
uniform spectral sampling is not required, ideal FFT lengths can be chosen and the
modeled wavelengths can be calculated accordingly.
Using the second method of scaling the array size, we take the following steps
to simulate a broadband image:
1)

The complex field in the pupil is defined according to Eqs. (1.4)
and (1.5).

2)

The pupil array is zero-padded or cropped appropriately for the
wavelength λ according to Eq. (2.34).
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3)

The complex field in the pupil is propagated to the image plane
using an FFT.

4)

The resulting coherent impulse response is cropped or zero-padded
back to the original array size.

5)

The incoherent PSF is calculated by squaring the magnitude of the
coherent impulse response.

6)

The optical transfer function (OTF) is calculated by performing an
FFT on the incoherent PSF.

7)

The Fourier transform of the object at wavelength λ is multiplied
by the OTF at the same wavelength.

8)

The product of step 7 is transformed using an inverse-FFT (IFFT).
This is the noise-free monochromatic image at wavelength λ .

9)
10)

The images for each wavelength are summed.
Noise and detector effects are added.

The noise and detector effects added in step 10 may include intensity dependent
Poisson noise, additive Gaussian read noise, dark current, detector bias and nonuniformity, quantization due to analog-to-digital conversion, charge diffusion,
integration due to finite pixel size, line-of-sight jitter and others.
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2.4 Appendix B: Analytic Gradients of the RRG Metric
In this Appendix, we will provide a derivation of the analytic gradients for the RRG
metric with respect to the phase parameters. The derivative with respect to phase
parameter αo is given by

K
Ψ N 
2

2 ∑ S m + 2c
∂L RRG ( α )
ΨO 
∂
 K
.
=
D j S ∗j m=1
∑
∑

2
K
∂α o
∂α o fu , fv ∈χ j =1

ΨN  
2

 ∑ S + c


Ψ O  
  =1


(2.35)

Expanding the squared magnitude gives
 K
 K ∗  K
Ψ
2
∗
D
S
  ∑ k k   ∑ D j S j   ∑ S m + 2c N


ΨO
∂L RRG ( α )
  k =1
∂
  j =1
  m=1
=
∑

2
∂α o
∂α o fu , fv∈χ
 K
ΨN 
2

 ∑ S + c


ΨO 
  =1


Using the quotient rule gives




 . (2.36)
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∂L RRG ( α )
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(2.37)

where
2

∂ Sm
∂S
∂S ∗
= Sm∗ m + Sm m .
∂α o
∂α o
∂α o
Substituting Eq. (2.38) into Eq. (2.37) and collecting terms gives

(2.38)
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∂L RRG ( α )
∂α o
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where c.c. denotes the complex conjugate of the preceding term. Let

YRRG ,k
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(2.40)

ΨN 

ΨO 

3

and Eq. (2.39) can be written as
∂L RRG ( α )
=
∂α o

K

∑ ∑ YRRG ,k ( fu , fv )
fu , fv ∈χ k =1

∂Sk ( fu , f v )
∂α o

+ c.c.

(2.41)

Using Eq. (2.41), the final expression for the derivative can be computed as described
in Section 1.4.6. Furthermore, the analytic gradients for the JMAP and mAP metrics
can be calculated using the same process here.
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3 Sub-aperture Piston Phase Diversity for Segmented and
Multi-aperture Systems
In this Chapter we continue the development of phase diversity by utilizing
the unique architecture of segmented and multi-aperture systems to introduce subaperture piston phase as the diversity function, as an alternative to focus diversity.
We include here the effects of a broadband object and algorithm, as well as compare
the performance of sub-aperture piston phase diversity (SAPPD) and focus diversity
with respect to object reconstruction error.
SAPPD can be useful for Fourier transform imaging spectroscopy (FTIS) with
a multi-aperture system where the sub-apertures are purposely pistoned to collect
spectral data [1]. Also, SAPPD can be useful as a risk reduction method on systems
where the focus diversity mechanism fails or is disabled.
In Section 3.1 we present the imaging model in the context of a segmented
and multi-aperture system, incorporating the gray-world model of Section 2.1. The
multi-aperture metrics and gradients are derived in Section 3.2.
In Section 3.3 we describe digital simulations that compare the performance
of sub-aperture piston phase diversity with conventional focus diversity. We describe
three criteria for comparison: phase estimation, computational burden and object
reconstruction.
In Section 3.4 we present results of the digital simulations and conclude in
Section 3.5.
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3.1 Imaging Model: Segmented and Multi-aperture Systems
The detected images are modeled as
d k ( u , v ) = ∑ f λ ( u , v ) ∗ sk ,λ ( u , v ) + nk ( u , v ),

(3.1)

λ

where dk(u, v) is the kth detected image, (u,v) are the image plane coordinates, fλ(u, v)
are the object pixel values at wavelength λ, sk,λ(u, v) is the kth intensity point spread
function (PSF) at wavelength λ, nk(u, v) is the noise in the kth image and ∗ denotes a
convolution. The intensity PSF is the magnitude squared of the coherent impulse
response,
2

sk ,λ ( u , v ) = hk ,λ ( u , v ) ,

(3.2)

which in turn is a Fresnel-like transform of the pupil

 π Dk 2 2 
 πA

hk ,λ ( u, v ) = exp i
u + v  ∫∫ Pk ,λ ( x, y ) exp i k x 2 + y 2 
 λ Bk

 λ Bk

 2π

× exp  −i
( xu + yv ) dxdy
 λ Bk


(

)

(

)

(3.3)

where (x, y) are the pupil plane coordinates and Ak, Bk and Dk are the elements of the
ABCD ray-transfer matrix that relates the pupil plane to the image plane for the kth
diversity image [2]. The generalized pupil, Pk,λ(x, y), is given by a sum over the subaperture functions
Q

Q

q =1

q =1

Pk ,λ ( x, y ) = ∑ Pq ,k ,λ ( x, y ) = ∑ Pq ( x, y )
 2π 

× exp i
Wq ( x, y ) + Wqdiv
, k ( x, y )  

 λ


(3.4)
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where Q is the number of sub-apertures or segments, Wq is the unknown contribution
of the phase on sub-aperture q in terms of optical path delay (OPD), and Wqdiv
, k is the
known diversity contribution to the phase on sub-aperture q in terms of OPD.
The unknown OPD, Wq(x,y), can be parameterized in a number of ways. The
most straightforward method is as a pixel-by-pixel phase map,
Wq ( x, y ) = ∑ α q ,m,nδ ( x − m∆x, y − n∆y )

(3.5)

m,n

where αq,m,n is the magnitude of the OPD at pixel index (m, n) in the qth sub-aperture,
(∆x, ∆y) are the pixel spacings and δ is a delta function. Another popular method is
to estimate the phase by an expansion over basis functions
J

Wq ( x, y ) = ∑ α q , j Z q , j ( x, y )

(3.6)

j =1

where J is the number of terms in the expansion and Zq,j(x, y) is the jth basis function
defined over the qth sub-aperture. Zernike-like polynomials are commonly chosen for
the expansion since each polynomial represents a balanced optical aberration. In
either representation, the phase is parameterized in terms of the vector of coefficients,
α.
The goal of phase diversity is to estimate the phase parameters, α, and the
object pixels, fλ(u,v), at each wavelength λ, from the set of detected images {dk(u, v)}.
This goal may be unattainable, however, as the problem is likely under-determined.
If K diversity images are measured and we assume the information in every pixel in
each M × N image is non-redundant (which is almost certainly not the case), then
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there are M×N×K knowns. However, there are M×N×L+J unknowns, where L is the
number of wavelengths and J is the number of phase parameters. Therefore, taking
into account that there is some redundant information in the diversity images, K may
need to be several times greater than L to make the problem well-posed. The next
section will address a method to mitigate this.

3.2 Nonlinear Optimization
In [3], the phase diversity problem is formulated as a nonlinear optimization in which
the appropriate likelihood function is maximized for given noise statistics. We follow
the same treatment here and maximize the Gaussian log-likelihood function in the
Fourier domain, given by
K

L {d k ( u, v )} ; f , α  = −∑

2

∑

k =1 fu , fv

Dk ( fu , f v ) − ∑ Fλ ( f u , f v ) Sk ,λ ( fu , f v )

(3.7)

λ

where now f = {fλ(u,v)} is an estimate of the object, K is the number of diversity
images, (fu, fv) are spatial frequency coordinates, Dk is the Fourier transform of the kth
detected image, Fλ is the Fourier transform of the object estimate at wavelength λ,
and Sk,λ is the kth optical transfer function (OTF) estimate at wavelength λ.
Maximizing Eq. (3.7), or equivalently minimizing the negative of Eq. (3.7),
with respect to f and α provides an estimate of the object pixel values and phase
parameters. If the phase is parameterized as polynomial coefficients and is limited to
J terms, and an M × N array of pixels at L spectral bands of the object is estimated,
the dimensionality of the search space of the optimization is given by M × N × L + J .
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For example, a moderately sized problem including 45 polynomial coefficients, 5
spectral bands and a 256 × 256 pixel region of the object requires searching a
327,000-dimensional space, the bulk of which is due to the estimation of the object.
Gonsalves derived a method [4] which involves substituting an estimate of the
object into Eq. (3.7) that reduces the metric to a function of only the phase
parameters. The most common execution of Gonsalves’ method uses an inversefiltered version of the object as an object estimate for a given phase estimate. To
make this work for broadband objects, a gray-world assumption must first be made,
where it is assumed that each pixel in the object has the same spectrum,
fλ ( u , v ) = Φ λ f ( u, v )

(3.8)

where Φλ is a spectral coefficient at wavelength λ. Under this assumption, the
reduced Gaussian metric becomes


 K
2
L RG ( α ) = ∑ ∑ Dk −
fu , fv ∈χ  k =1



2

K

∑ Dj ∑
j =1
K

Φ λ S ∗j ,λ

(α )

λ

∑ ∑ Φ λ S m ,λ ( α )
m =1 λ

2









(3.9)

where χ is the set of pixels where the denominator does not equal zero and the
dependence of Dj and Sj,λ on (fu, fv) has been left out for brevity. Notice the object
does not appear explicitly in Eq. (3.9). Instead, the object is implicitly estimated
jointly with the phase parameters when the metric is minimized. After the phase is
estimated, the object can be reconstructed with a Wiener-Helstrom filter [5, 6].
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Numerous regularization schemes have been proposed for improving the
robustness of the reduced Gaussian metric with respect to noise [7-10], three of which
were reported on in Section 2.2. For this work we simulate images with moderate to
high SNRs and therefore use only the regularization imposed by restricting the
summation over χ. Furthermore, we assume here that the spectral coefficients Φλ are
known a priori.
Typically, Eq. (3.9) is minimized with a gradient search algorithm. To assist
the computation and avoid costly finite difference calculations, analytic gradients of
the metric with respect to the unknown phase parameters can be computed and are
given by
 K
∂L RG
Φ
= 8π Im ∑∑ λ
∂αξ , j
 k =1 λ λ

∑ Zξ , j ( fu′, fv′) Pξ ,k ,λ ( fu′, fv′)
fu′ , fv′

 πA

× exp i k fu′2 + f v′2 
 λ Bk


(

×

)

(3.10)


Yk∗ ( fu , f v ) H k∗,λ ( fu′ − fu , f v′ − f v ) 
fu , fv ∈χ


∑

where Hk,λ are the generalized pupil functions given by
 πA

H k ,λ ( fu , f v ) = Pk ,λ ( fu , f v ) exp i k fu2 + f v2 
 λ Bk


(
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)

(3.11)
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Equations (3.10) and (3.12) are similar in form to Eqs. (25) and (26) in [11].

3.3 Digital Simulations
A triarm-9 aperture was modeled in digital simulation to compare the two types of
phase diversity, quadratic and sub-aperture piston, through a series of Monte Carlo
simulations. The amount of each type of diversity was varied, and for each amount of
diversity three images were simulated, one image with no diversity phase and two
images with equal but opposite amounts of diversity phase. Each type and magnitude
of diversity was then tested at varying levels of signal-to-noise ratio (SNR).
Figure 3-1 shows the sub-aperture piston phase and focus diversity
implementations used. We note that our selection of sub-apertures to be pistoned is
arbitrary. Some work has been done to optimize the selection of sub-aperture groups
for pistoning for FTIS [1], the imaging properties of which are similar to the
application here. However, a full study of pupil geometries and sub-aperture group
selection is beyond the scope of this work.
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Figure 3-1: Example of phase diversity implementation: (a) sub-aperture piston diversity, (b)
focus diversity. Scale has units of waves.

For these simulations, a hyperspectral AVIRIS [12] data cube was used as the
object. We extracted a spectral bandwidth of 96 nm centered about 1 µm with 10 nm
separation between adjacent wavelengths (L = 11 bands). Since the object was not
truly gray-world, the spectrum averaged over all of the pixels was used for the
spectral coefficients, Φλ. Figure 3-2 shows a panchromatic representation of the 250
× 250 pixel object. Note that in the simulations the images were computed without
the gray-world assumption, as in Eq. (3.1), but in our reconstructions we used the
gray-world assumption, a realistic model mismatch.
Five independent phase realizations were tested with an average RMS
wavefront error of 0.18 λo which consisted of global Zernike terms up to 6th order and
sub-aperture Zernike terms up to 2nd order. A representative phase realization is
shown in Figure 3-3. For each phase realization, five independent noise realizations
were simulated. The results were then averaged over the 25 trials.
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Figure 3-2: Panchromatic representation of the multi-spectral object. The object consists of 11
spectral bands, centered about 1 µm and spanning 96 nm.

0.1
0
-0.1
-0.2
-0.3
-0.4
Figure 3-3: Example phase realization composed of up to 6th order Zernike terms on the global
aperture and up to 2nd order Zernike terms on each sub-aperture. Scale has units of waves.
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Three criteria were used here to compare the two types of diversity. The first
criterion is the error in the phase estimation, which must be insensitive to global
piston, tip, and tilt phase errors, which the phase diversity algorithm cannot estimate
and do not affect image quality. We choose to quantify the phase error in terms of the
Strehl ratio, which was presented in Section 2.1.3.
The second criterion of comparison is the amount of computation required by
each type of diversity, quantified by the number of iterations required before the
algorithm met the exit criteria. The amount of time involved in evaluating the error
metric and its gradients was nearly identical for each type of diversity. Therefore,
comparing the number of iterations provides a comparison of the computational
burden of each type of diversity.
The final criterion is the error in the reconstructed object. A multi-frame
Wiener-Helstrom filter is computed using the estimated phase [6, 13] and then used to
reconstruct a gray-world image of the object. For a fair comparison, a series of
diffraction-limited, gray-world images were simulated and noise was added,

 

d DL ( u , v ) =  ∑ f λ ( u, v )  ∗ ∑ sDL,λ ( u, v )  + n ( u, v )
λ
 λ

with similar noise statistics as the aberrated images.

(3.13)

The multi-frame Wiener-

Helstrom filter provides an SNR benefit according to the number of frames being
used. Since the diffraction-limited images have no phase diversity, three frames were
simulated, each with a different noise realization, for each SNR level. This allows for
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a comparable SNR benefit from the multi-frame Wiener-Helstrom filter as the
aberrated diverse images would achieve.
The reconstructed, aberrated, gray-world images were then compared to the
reconstructed, diffraction-limited, gray-world images by means of a normalized rootmean-squared error (NRMSE) metric that is invariant with image translation [14].

3.4 Results
Figure 3-4 shows the results for the Strehl ratio for three SNRs. Focus diversity
exhibits expected behavior giving the best performance for one to two waves of focus
diversity. Piston diversity shows a different behavior. As the amount of diversity
increases, the phase estimation goes through a cycle. At integer values of the center
wavelength of the band, the piston diversity performs very poorly, because at integer
wavelength values there is little diversity, unless the spectral bandwidth is very large.
In these simulations, the bandwidth was a modest 10%. However, piston diversity
performs well for non-integer numbers of wavelengths. At half-integer values of the
center wavelength a slight decrease in performance is seen due to the fact that for
small bandwidths there are effectively only two diversity images. For example, the
trials using 1.5 λo PV of sub-aperture piston diversity used three images with
diversity values of [–1.5, 0, 1.5] λo of diversity. The first and last images in this set
differ by exactly 3 λo of piston diversity and have little diversity between them. For
these trials, at the optimum diversity value for each type of diversity, focus diversity
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performed better than SAPPD for low SNR, but SAPPD performed better at high
SNRs.
The observant reader may notice that it appears that the phase estimation
performance decreases for focus diversity as the SNR increases from 74 to 120. In
fact, the average residual Strehl ratio does indeed decrease between to the two highest
SNR levels, as shown in Figure 3-5. However, the significant overlap between the
error bars for these two SNR levels implies statistical equivalence.
Figure 3-6 shows the number of iterations required before the algorithm
reached its exit criteria. The algorithm typically stops iterating when there is no
significant change in either the error metric value or parameters being estimated.
This corresponds to finding a minimum value of the objective function, which may or
may not be the global minimum. For both types of diversity, the algorithm took
fewer iterations when phase estimation was poor.

This may indicate that the

algorithm was getting trapped in a local minimum and that restarting the algorithm
with a different initial guess might be beneficial. Overall, sub-aperture piston phase
diversity took fewer iterations than conventional focus diversity.
Figure 3-7 shows the normalized root-mean-squared error in the reconstructed
objects. For phase diversity at an integer number of waves of the center wavelength,
where the phase estimate is poor, SAPPD gives a poor object reconstruction.
However, SAPPD gives a good object reconstruction nearer to half-integer waves of
diversity, and the error does not appear to increase with the amount of diversity since
the suppression of the OTF does not significantly change with the magnitude of the

88

piston diversity.

In comparison, the OTF becomes increasingly suppressed as

quadratic phase diversity is increased. Overall, when both types of diversity yield a
good reconstruction, the NRMSE is comparable.
Figure 3-8 shows the normalized root-mean-squared error between an object
reconstructed using the estimated phase and an object reconstructed using the actual
phase. This comparison shows how much of the error in the object reconstruction is
due to an error in the phase estimation. The behavior is very similar to that of the
error phase estimation. For low SNR, focus diversity results in the best reconstructed
objects, but for higher SNRs, SAPPD results in better reconstructions. Generally,
when phase estimation was poor for either type of diversity, so was object
reconstruction.
Figure 3-9 shows an example reconstruction for an SNR of 74 using SAPPD.
Figure 3-9(a) shows the gray-world image reconstructed using the phase estimated
from the phase diversity algorithm using sub-aperture piston diversity values of [–1.5,
0, 1.5] λo, in good agreement with the diffraction-limited, gray-world, noisy
reconstructed image show in Figure 3-9(b). For comparison, Figure 3-9(c) shows the
zero-diversity aberrated imagery that was used as input to the phase diversity
algorithm; the reconstructed images are greatly improved over the best measured
image.
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3.5 Summary
We introduced a new method of implementing phase diversity on segmented and
multi-aperture systems that utilizes control of the individual segments or subapertures. Instead of adding defocus phase to each diversity image, a subset of the
segments or sub-apertures was pistoned with respect to the others to introduce the
diversity. A series of Monte Carlo simulations was run to compare sub-aperture
piston phase diversity to conventional focus phase diversity.

In each case,

performance was compared for varying amounts of diversity and varying levels of
SNR.
It was shown that focus diversity generally estimates the phase better than
SAPPD for low SNR, with the reverse being true for high SNR. Piston phase
diversity performed well when non-integer values of the center wavelength are
chosen for the amount of diversity. In practice one could select this favorable amount
of diversity.

SAPPD uniformly required substantially less computation before

reaching a minimum value of the error metric than focus diversity. Finally, both
focus diversity and SAPPD provide comparably good object reconstructions when the
phase estimation is also good.
SAPPD proves to be a useful type of phase diversity for segmented and multiaperture systems where pistoning of sub-apertures is allowable. SAPPD may be
especially useful as a risk reduction technique for systems if the primary focus
diversity mechanism fails.
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Figure 3-4: Phase estimation results in terms of Strehl ratio: (a) average pixel SNR of 20, (b)
SNR 74, (c) SNR 170. Vertical axis shows Strehl ratio, horizontal axis is the peak-to-valley
amount of diversity in waves. Each data point is an average of 25 trials (5 phase realizations x 5
noise realizations); error bars show a single standard deviation.
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Figure 3-5: Residual Strehl ratio results for focus diversity at each SNR. While the average
value for an SNR of 120 is consistently lower than the average value for an SNR of 74, the
overlapping error bars indicate statistical equivalence.

92

300

(a)

Focus Diversity
Piston Diversity

200
100

Number of Iterations

0
300

0.5 1

1.5 2

2.5 3

1.5 2

2.5 3

(b)

200
100
0
300

0.5 1
(c)

200
100
0

0.5 1 1.5 2 2.5 3
Diversity Phase (PV waves)

Figure 3-6: Number of iterations before the algorithm reaches the exit criteria: (a) average pixel
SNR of 20, (b) SNR 74, (c) SNR 170. Vertical axis shows the number of iterations, horizontal
axis is the peak-to-valley amount of diversity in waves. Each data point is an average of 25
trials; error bars show a single standard deviation.
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Figure 3-7: Normalized RMS error between reconstructed aberrated object and reconstructed
diffraction-limited object: (a) average pixel SNR of 20, (b) SNR 74, (c) SNR 170. Vertical
axis shows NRMSE, horizontal axis is the peak-to-valley amount of diversity in waves.
Each data point is an average of 25 trials; error bars show a single standard deviation.
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Figure 3-8: Normalized RMS error between object reconstructed with estimated phase and
object reconstructed with true phase: (a) average pixel SNR of 20, (b) SNR 74, (c) SNR 170.
Vertical axis shows NRMSE, horizontal axis is the peak-to-valley amount of diversity in waves.
Each data point is an average of 25 trials; error bars show a single standard deviation.
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(a)

(b)

(c)
Figure 3-9: Example reconstructed images: (a) reconstructed gray-world image using phase
estimate from phase diversity algorithm, (b) reconstructed gray-world diffraction-limited image,
(c) original aberrated, zero-diversity image used as input to phase diversity algorithm.
All images are shown on the same color scale, SNR 74.
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The work in this Chapter was published in Applied Optics:
M. R. Bolcar, and J. R. Fienup, "Sub-aperture piston phase diversity for segmented
and multi-aperture systems," Appl. Opt. 48, A5-A12 (2009).
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4 Estimation of Object Spectral Content
In Section 2.1, we presented a broadband phase diversity algorithm that made use of a
gray-world assumption on the object to reduce the metric to a function of only the
unknown phase parameters.

It was shown that if seven gray-world spectral

coefficients are used but assumed to be uniform, it is possible to accurately estimate
the phase to within 0.075 λo for bandwidths up to 90% and to within 0.05 λo for
bandwidths up to 70%. However, if the spectral coefficients are known accurately
estimating the phase to within 0.06 λo RMS is possible for bandwidths exceeding
100% and to within 0.04 λo RMS for bandwidths of 60%.
In this Chapter, we present a method with which it is possible to estimate the
gray-world spectral coefficients, in addition to the unknown phase and unknown
object being observed. The sub-aperture piston phase diversity technique of Chapter
3 is shown to be critical to the success of this method. Requirements on the number
of diversity images and amount of diversity are investigated.
In Section 4.1, we will present modifications to the conventional reduced
Gaussian metric that aid in the spectral estimation process.
Limitations on the spectral resolution are presented in Section 4.2, while
requirements on diversity sampling are discussed in Section 4.3.
Digital simulations are described in Section 4.4 and results are presented in
Section 4.5. The Chapter is summarized in Section 4.6.
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4.1 Spectral Estimation Metric
Recall the reduced Gaussian broadband likelihood function of Eq. (2.6), reprinted
here,
2

K

∑ D j ( fu , fv ) ∑ Φλ S *j,λ ( fu , fv ; α )
∑

L RG ( α ) =

λ

j =1

2

K

fu , fv ∈χ

∑ ∑ Φ λ S  ,λ ( f u , f v ; α )

,

(2.6)

 =1 λ
K

−∑∑ Dk ( f u , f v )

2

u ,v k =1

and that by maximizing Eq. (2.6) with respect to the unknown phase parameters, α,
an estimate of the phase can be obtained. In practice, the negative of Eq. (2.6) is
minimized with a nonlinear optimization routine. We re-write Eq. (2.6) in error
metric form as
2

K

∑ D j ( fu , f v ) ∑
ERG ( α ) = −

∑
fu , fv ∈χ

Φ λ S *j ,λ

( fu , f v ; α )

λ

j =1
K

2

(4.1)

∑ ∑ Φ λ S  ,λ ( f u , f v ; α )
 =1 λ

where we also drop the summation over the squared magnitude of the Fourier data
since it is independent of α. With a few modifications to Eq. (4.1), it is possible to
estimate the gray-world spectral coefficients, Φλ, along with the phase parameters, α.
First, positivity of the spectral coefficients is enforced using the relationship
Φ λ = ϕλ2

(4.2)
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where ϕλ are the parameters that are actually estimated by the algorithm. The second
constraint on the spectral coefficients is derived from the normalization of the OTFs.
The panchromatic, gray-world OTF is given by
S ( fu , f v ) = ∑ Φ λ Sλ ( fu , f v ) .

(4.3)

λ

By definition the panchromatic, gray-world OTF should be unity at DC [1]. If each
spectral OTF, Sλ(fu, fv), is also normalized to unity at DC, then it follows that
S ( 0, 0 ) = ∑ Φ λ Sλ ( 0, 0 ) = 1
λ

(4.4)

∴ ∑ Φ λ = 1.
λ

Using Eqs. (4.2) and (4.4) we define a spectral error metric as
2



Espec (ϕλ ) = 1 − ∑ ϕλ2  .
λ



(4.5)

A total error metric is formed by adding Eqs. (4.1) and (4.5):
2

K

∑ D j ( fu , f v ) ∑
E (ϕ λ , α ) = −

∑
fu , fv ∈χ

ϕλ2 S *j ,λ

( fu , f v ; α )

λ

j =1
K

2

∑ ∑ ϕ λ S  ,λ ( f u , f v ; α )
2

2



+ κ 1 − ∑ ϕλ2  . (4.6)
λ



 =1 λ

where a constant, κ, is included to weight the spectral error relative to the rest of the
metric. The gradients of the spectral estimation error metric are derived in Appendix
A. Minimizing Eq. (4.6) with respect to ϕλ and α explicitly estimates the gray-world
spectrum of the object and the unknown phase parameters while implicitly estimating
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the object itself. Once the spectral coefficients and phase parameters are known, a
gray-world, multi-frame Wiener filter [2] can be constructed as

∑ ϕλ2 Sλ∗ ( fu , fv )
Wk ( fu , f v ) =

λ
2

K

∑ ∑ ϕλ2 Sλ ( fu , fv )
m =1 λ

(4.7)
ΨN
+c
Ψ O ( fu , f v )

where ΨN and ΨO(fu, fv) are the noise and object power spectra, respectively, which
are estimated using the procedure discussed in Section 2.2.6. The Fourier transform
of the panchromatic gray-world object can then be reconstructed as
K

F ( f u , f v ) = ∑ Wk ( fu , f v ) Dk ( fu , f v ) .

(4.8)

k =1

4.2 Spectral Resolution
For many spectrometers, a rule-of-thumb for the spectral resolution of the system is
given by

δλ ≈

λo2
OPDmax

(4.9)

where λo is the center wavelength and OPDmax is the maximum path difference
causing the spectral interference or separation [3]. For example, in the case of
Fourier Transform Imaging Spectroscopy (FTIS) with multi-aperture systems [4],
groups of sub-apertures are stepped through a series of delays with respect to other
sub-apertures. At each delay, a frame is gathered, building up a data cube of spatial
image information in the x and y dimension and temporal information in the t (or path
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length) dimension. Fourier transforming the data cube with respect to the temporal
dimension yields spectra of the object at each pixel in the image. The spectral
resolution of the system is determined by the maximum difference in the delays as the
OPDmax term in Eq. (4.9).
An extension can be made to using phase diversity to estimate object spectral
content. Here, the OPDmax is given by the maximum difference between diversity
values for the collected image set. Two images differing by +2 λo and –2 λo of focus
diversity would have an OPDmax of 4 λo, peak-to-valley (PV). If the bandwidth is
centered at 1 µm, then the spectral resolution, according to Eq. (4.9) would be 0.25
µm. The diversity would need to be increased to achieve a usefully fine spectral
resolution. However, defocusing an image by large amounts has a very negative
effect on the imaging capabilities of the system, as well as the performance of phase
diversity in general. Specifically, the OTF of the system becomes suppressed, with
many nulls appearing in the mid and high spatial frequencies. Figure 4-1 shows
MTFs (magnitude of the OTFs) for a diffraction-limited triarm-9 system for a 100 nm
bandwidth centered on 1 µm for 0 λo, 2 λo and 20 λo of focus diversity.
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Figure 4-1: Horizontal cut through a triarm-9 MTF for 0 λo, 2 λo, and 20 λo of defocus. For
large defocus, the mid to high spatial frequencies of the MTF are significantly depressed.

Sub-aperture piston phase diversity (SAPPD) is much better suited to the
spectral estimation problem because large amounts of piston can be added to
individual sub-apertures with much less suppression of the OTF than for focus
diversity. This allows for a much larger OPDmax and therefore a much finer spectral
resolution can be achieved. Figure 4-2 shows OTFs for 0 λo, 2 λo and 20 λo of subaperture piston phase diversity for a diffraction-limited triarm-9 system with a 100
nm bandwidth centered on 1 µm. Notice that on average the OTF maintains a higher
value through the mid-spatial frequency range with 20 λo of piston diversity than a
comparable amount of focus diversity. Using SAPPD to obtain diversity images with
+20 λo and –20 λo of piston phase, a spectral resolution of ~0.025 µm is achievable.
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Figure 4-2: Horizontal cuts through a triarm-9 MTF for 0 λo, 2 λo and 20 λo of sub-aperture
piston phase. Even with 20 λo of defocus, the MTF maintains a higher average value than with a
similar amount of defocus.

4.3 OPD Sampling
For FTIS with multi-aperture systems, a sampling constraint must be enforced to
ensure that the spectrum is not aliased. According to the Nyquist sampling theorem
[5], the OPD sampling interval required to avoid aliasing is given by
∆OPD =

c
2ν max

=

λmin
2

(4.10)

where c is the speed of light, νmax is the maximum optical frequency of the spectrum
and, conversely, λmin is the minimum wavelength of the spectrum. It has been shown
that the Nyquist constraint of Eq. (4.10) can be relaxed for objects that are band-
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limited, or imaged through a spectral bandpass filter [6]. For such an object, the
constraint on the OPD sampling interval is given by

∆OPD ≤

λmax λmin
c
=
2 (ν max −ν min ) 2 ( λmax − λmin )

(4.11)

where νmin and νmax are now the optical frequency limits of the bandwidth and λmin
and λmax are the wavelength limits of the bandwidth.

4.4 Digital Simulation
Digital simulations were run to investigate the performance of the spectral estimation
using SAPPD. The object used for this study was again taken from a set of AVIRIS
data [7] which consists of spectroscopic images with a spectral resolution of 10 nm.
A 192 nm bandwidth centered about 1 µm was extracted (L = 21 bands). With this
bandwidth, Eq. (4.11) can be evaluated to determine what the maximum OPD stepsize should be:
∆OPD ≤

(1.096µ m )( 0.904 µ m ) = 2.58µ m .
2 ( 0.192 µ m )

(4.12)

SAPPD was implemented as shown in Figure 4-3. For this study, we chose a
desired spectral resolution of 25 nm. Solving Eq. (4.9) for the maximum OPD yields
OPDmax

λo2
≈
δλ
≈

(1µ m )2
( 0.025µ m )

(4.13)
= 40µ m.
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Therefore the piston diversity must span [–20, 20] µm. In practice we chose the
interval [–20.6, 20.6] µm since the results of Section 3.4 show that fractional values
of the center wavelength work best for SAPPD. We therefore expect a spectral
resolution of
2
1 µm)
(
δλ =

41.2 µ m

= 24.3 nm .

(4.14)

Figure 4-3: Example of SAPPD implementation used for this study.

Combining the results of Eqs. (4.12) and (4.13) and choosing 2.58 µm as the
∆OPD determines the number of OPD steps, or diversity images, required to achieve
adequate spectral sampling to be
K=

OPDmax
= 15.5.
∆OPD

(4.15)

We therefore require 16 diversity images in order to avoid aliasing of the spectrum.
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Images were simulated to test the performance of the phase diversity
algorithm under two scenarios: (1) when the OPD sampling requirement is not met
(i.e. K < 16), and (2) when finer spectral resolution is attempted (i.e. δλ < 24.3 nm).
Scenario (1) is tested by using fewer diversity images in the estimation process, while
maintaining the maximum OPD values of [–20.6, 20.6] µm. Scenario (2) is tested by
increasing the number of spectral coefficients across the 192 nm bandwidth. Table
4-1 outlines the number of diversity images used and the corresponding ∆OPD.
Table 4-2 outlines the number of spectral coefficients estimated and the
corresponding spectral resolution, δλ.
Table 4-1: Number of diversity images simulated and corresponding ∆OPD in µm. The
minimum and maximum values of piston diversity were always –20.6 µm
µm,
µ and 20.6µ
respectively. A zero-diversity image was always included in the set.

19
11
7
5
K:
∆OPD: 2.29 4.12 6.87 10.30
(µm)

Table 4-2: Number of wavelengths sampling the 192 nm bandwidth and corresponding spectral
resolution in nm. The center wavelength of 1 µm was always included as one of the samples.

Nλ:
δλ (nm):

5
38.4

7
9
11
27.4 21.3 17.5

Images were simulated for a triarm-9 aperture. For each set of diversity
images, 5 random wavefronts were generated with an average RMS wavefront error
of 0.21 λo. The wavefront error consisted of Zernike polynomials up to 4th order on
the global aperture and up to 2nd order on each sub-aperture.
wavefront is shown in Figure 4-4.

A representative
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Figure 4-4: Example wavefront used in this study. Wavefront error is 0.21 λ RMS, consisting of
Zernike polynomials up to 4th order on the global aperture and up to 2nd order on each subaperture. The scale has units of waves.

Realistic noise effects were also included. Images were normalized such that
the peak pixel in each image had a value of 80% of a 50,000 e– well-depth. Intensitydependent Poisson noise was added, along with zero-mean, additive Gaussian noise
with a standard deviation of 15 e–. Images were then quantized to 12 bits to simulate
analog-to-digital conversion. The average pixel SNR, given by Eq. (2.29), was 182.
For each of the 5 independent wavefronts that were generated, 5 different noise
realizations were used, for a total 25 trials for each set of diversity images.
Phase estimation accuracy was evaluated using residual Strehl ratio, as
discussed in Section 2.1.3. Spectral estimation accuracy was evaluated by computing
the normalized root-mean-squared error (NRMSE) between the estimated spectral
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coefficients and the average spectrum of all the pixels in the object. The NRMSE is
computed as

∑ ( Φλavg − Φ estλ )
NRMSE =

2

λ

∑ ( Φλ )
avg

(4.16)

2

λ

and
Φ λavg =

1
MN

∑ fλ ( u, v )

(4.17)

u ,v

where M and N are the number of rows and columns in the array.

4.5 Results
Figure 4-5 shows the results of the simulation with respect to phase estimation. Only
trials that resulted in a residual Strehl ratio greater than 0.8 (0.075 λo RMS) were
considered successfully converged and averaged together.

When more spectral

coefficients are used to sample the bandwidth, which corresponds to finer spectral
resolution, the phase estimation appears to do better, in agreement with the results of
Section 2.1.3.
It is unclear why the Strehl ratio has minimum values for trials using 7 and 11
diversity images. Generally, it is expected that increasing the number of diversity
images improves the performance of the phase-diversity algorithm. As seen in Figure
4-6, the algorithm does generally converge more often as the number of diversity
images is increased.
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Figure 4-5: Phase estimation accuracy vs. number of diversity images for each spectral
resolution. As expected, the phase estimation improves with finer spectral resolution.
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Figure 4-6: Convergence percentage vs. number of diversity images. Generally, the algorithm
converges more often as the number of diversity images increases.
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Figure 4-7 through Figure 4-10 show the estimated gray-world spectra for
each spectral resolution and each OPD sampling. Included for comparison is the
object average pixel spectrum. In Figure 4-7, when δλ = 38.4 nm, the best agreement
is found when the OPD sampling requirement is met, as in the lower right graph.
However, even when ∆OPD is four times the required step size, as in the upper left
graph, the estimated spectrum is still in good qualitative agreement with the true
average pixel spectrum. Similar behavior is seen in Figure 4-8, except the best
agreement appears to occur when ∆OPD is nearly twice the required step size. In
Figure 4-9 and Figure 4-10, where the spectral resolution exceeds the expected limit
of 24.3 nm, the agreement between the estimated spectrum and average pixel
spectrum begins to deteriorate.
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Figure 4-7: Estimated spectra for δλ = 38.4 nm. The average pixel spectrum of the true object is
the solid black line. The estimated spectral coefficients are the dashed red line. Error bars
represent a single standard deviation.
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Figure 4-8: Estimated spectra for δλ = 27.4 nm. The average pixel spectrum of the true object is
the solid black line. The estimated spectral coefficients are the dashed red line. Error bars
represent a single standard deviation.
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Figure 4-9: Estimated spectra for δλ = 21.3 nm. The average pixel spectrum of the true object is
the solid black line. The estimated spectral coefficients are the dashed red line. Error bars
represent a single standard deviation.
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Figure 4-10: Estimated spectra for δλ = 17.5 nm. The average pixel spectrum of the true object
is the solid black line. The estimated spectral coefficients are the dashed red line. Error bars
represent a single standard deviation.
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Figure 4-11: Normalized root-mean-squared error in the spectral estimation vs. OPD step size.
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Figure 4-11 shows the average normalized root-mean-squared error of the
estimated spectrum for each spectral resolution. The lowest error occurred when both
the spectral resolution and the OPD sampling are in agreement with Eqs. (4.9) and
(4.11), respectively. The error generally increases as these limits are exceeded, with
the exception of the δλ = 17.5 nm resolution, where the error decreases as the OPD
sampling increases.
An image was reconstructed for one of the δλ = 27.4 nm and ∆OPD = 4.12
µm (K = 11) trials. Using the phase and spectral coefficients estimated by the
algorithm, a multi-frame Wiener filter using Eq. (4.7) was constructed.

For

comparison, a diffraction-limited gray-world image was also simulated according to
Eq. (3.13). This image was also restored using a diffraction-limited, multi-frame
Wiener filter.

Figure 4-12(a) shows the restored diffraction-limited gray-world

image, in good agreement with Figure 4-12(b), which shows the restored aberrated
image using the estimated phase and spectrum.

Figure 4-12(c) shows the

unprocessed zero-diversity image input to the phase-diversity algorithm.

4.6 Summary
A method was presented with which the gray-world spectral coefficients of a
broadband object can be estimated using sub-aperture piston phase diversity. Large
amounts of diversity are necessary for fine spectral resolution, such that conventional
focus diversity is not ideal. Pistoning sub-apertures through 40 µm of OPD allows a
spectral resolution of 25 nm to be achieved. To avoid aliasing of the spectrum,
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sampling requirements are placed on the diversity OPD. However, it has been shown
that even when the piston OPD step size is nearly four times larger than required,
good qualitative agreement between the estimated spectrum and true average pixel
spectrum can be achieved.

(a)

(b)

(c)

(d)

Figure 4-12: (a) Restored diffraction-limited image. (b) Restored aberrated image. (c) Zerodiversity image as input to phase-diversity algorithm. (d) Panchromatic representation of the
true object.
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4.7 Appendix A: Spectral Estimation Metric Gradients
To aid in the minimization process, analytic gradients of Eq. (4.6) with respect to the
phase parameters and gray-world spectral coefficients can be computed. The analytic
gradients with respect to the phase parameters are identical to those of the reduced
Gaussian likelihood function with the exception that Φλ is replaced by ϕλ2 and that
the gradients are negated due to the fact that we are now minimizing an error metric
rather than maximizing a likelihood. We write the derivative of Eq. (4.6) with respect
to the jth phase parameter in the ξth sub-aperture as
∂E (ϕλ , α )
∂αξ , j

 K
ϕ2
= −8π Im ∑∑ λ
 k =1 λ λ

∑ Zξ , j ( fu′, fv′) Pξ ,k ,λ ( fu′, fv′)
fu′ , fv′

 πA

× exp i k fu′2 + f v′2 
 λ Bk


(

×

)

(4.18)


∗
∗
′
′
Y
f
,
f
H
f
f
,
f
f
−
−
(
)
(
)
∑ k u v k ,λ u u v v 
fu , fv ∈χ


where Zξ,j is the jth member of the basis set for the ξth sub-aperture, Pξ,k,λ is the
complex pupil function for the ξth sub-aperture and kth diversity image at wavelength

λ, Ak and Bk are the elements of the ABCD ray-transfer matrix that relates the pupil
plane to the image plane [8], and Yk and Hk,λ are given by Eqs. (3.12) and (3.11),
respectively.
The analytic gradient of the total error metric with respect to the gray-world
spectral coefficient at wavelength λo is given by
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2

K

∂E (ϕλ , α )
∂ϕλo

=−

∑
fu , fv ∈χ

∂
∂ϕλo

∑ D j ( fu , fv ) ∑ ϕλ2 S *j,λ ( fu , fv ; α )
λ

j =1

2

K

∑ ∑ ϕλ S  ,λ ( f u , f v ; α )
2

(4.19)

 =1 λ

+

2

∂
∂ϕλo



κ 1 − ∑ ϕλ2  .
λ



The first term can be calculated in the same manner as the phase parameters, as
described in Section 2.4. Distributing the derivative through the first term of Eq.
(4.19) and collecting terms yields
K

First Term = −

∂

∑ ∑ Yk ( fu , fv ) ∂ϕ ∑ ϕλ2 Sk ,λ ( fu , fv ) + c.c.

fu , fv ∈χ k =1

(4.20)

λo λ

where Yk (fu, fv) is given by Eq.(3.12). Evaluating the derivative gives
K

First Term = −

∂ϕ

∑ ∑ Yk ( fu , fv ) ∑ 2ϕλ ∂ϕ λ

fu , fv ∈χ k =1

λ

Sk ,λ ( fu , f v ) + c.c.

λo

K

=−

∑ ∑ Yk ( fu , fv ) 2ϕλo Sk ,λo ( fu , fv ) + c.c.

(4.21)

fu , fv ∈χ k =1

K


= −2 Re  ∑ ∑ Yk ( fu , f v ) 2ϕλo Sk ,λo ( fu , f v ) 
 fu , fv ∈χ k =1


where Re[...] denotes the real part of the argument and we’ve used the equality
1, λ = λo
∂ϕλ
= δ ( λ , λo ) = 
.
∂ϕλo
0, λ ≠ λo

(4.22)

Evaluating the second term of Eq. (4.19) yields


Second Term = 4κ 1 − ∑ ϕλ2  ϕλo .
λ



Combining Eqs. (4.21) and (4.23) gives

(4.23)
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∂E (ϕλ , α )
∂ϕλo

K


= −2 Re  ∑ ∑ Yk ( fu , f v ) 2ϕλo S k ,λo ( f u , f v ) 

 fu , fv ∈χ k =1



+4κ 1 − ∑ ϕλ2  ϕλo .
λ



(4.24)
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5 Experimental Demonstration of Phase Diversity on a
Segmented System
In previous chapters we’ve presented both a broadband version of the phase diversity
algorithm as well as an implementation of sub-aperture piston phase diversity. Both
of these algorithms have been successfully demonstrated in simulation.

In this

Chapter we will present experimental results that verify these simulations.
In Section 5.1, we described the experimental setup, including modes of
operation, scene projector details and descriptions of the MEMs deformable mirrors
used in the experiments. In Section 5.2, we discuss the experimental procedure,
including processing of pupil images, collection of phase-shifting interferometry
frames and collection of phase diversity images. In Section 5.3, we present results of
the experiments, comparing the phases estimated by the phase-diversity algorithm
with phases measured with interferometry. Images are also reconstructed using a
multi-frame Wiener filter. Section 5.4 summarizes the Chapter.

5.1 Experimental Setup
An experimental test bed based on a segmented MEMs deformable mirror (DM) has
been constructed and is capable of several modes of operation. The MEMs DM can
be actuated to introduce a phase error into the system which can then be estimated
using phase retrieval or phase diversity.

Phase-shifting interferometry can be

performed as an independent measurement of the phase error to corroborate the
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estimates. Also, pupil images can be captured to be used in the phase retrieval and
phase-diversity algorithms.
Figure 5-1 shows a schematic of the test bed. In the following section each
mode of the test bed will be discussed.

Details of the scene projector will be

discussed, as well as capabilities of the MEMs DM. Table 5-1 lists the relevant
parameters of the optics used in the setup and Table 5-2 lists the relevant distances
between elements of the setup.

Figure 5-1: Schematic of experimental setup. Lenses are denoted by L prefix, shutters by S, flipmirrors by F, conjugate pupil planes by P, and conjugate image planes by IM. DLP™: Digital
Light Processing, PZT: piezo-electric transducer, WFS: wavefront sensing, MEMs DM: microelectro-mechanical deformable mirror, B.S.: beam splitter.
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Table 5-1: List of optics and associated parameters used in the experimental setup depicted in
Figure 5-1.

Label

L1, L2, L4
L3
L5
F1, F2

P1
BS

Description

Achromatic
Doublet
Achromatic
Doublet
Singlet
Flat
Metallic
Mirror
Iris

Focal
Length
150 mm

50.8 mm

250 mm

25.4 mm

130 mm
N/A

38.1 mm
25.4 mm

N/A

25.4 mm

Plate
N/A
Beamsplitter

Diameter

50 × 70 mm

Comment

Newport Part #:
PAC086AR.14
Newport Part #:
PAC067AR.14
Newport Part #:
10Z40ER.1
Nominal Clear
Aperture: 2.5 mm
Linos Part #:
G344171000

Table 5-2: Nominal distances for the experimental setup depicted in Figure 5-1.

IM1 – L1:
L1 – P1:
P1 – L2:
L2 – IM2:
IM2 – L3:
Fiber exit – L3:
L3 – P2:
L3 – PZT:
P2 – F2:
F2 – IM3:
F2 – L5:
L5 – P3:

150 mm
150 mm
150 mm
150 mm
250 mm
250 mm
250 mm
250 mm
150 mm
150 mm
280 mm
130 mm

5.1.1 Phase Retrieval

Figure 5-2 shows a schematic of the test bed when configured for collecting phase
retrieval frames. A HeNe laser-fed fiber point source is collimated by lens L3 and
incident on the MEMs DM. The reflected light from the DM is then focused onto the
wavefront sensing (WFS) camera by lens L4 and flip-mirror F2. The WFS camera is
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a Q-Imaging Retiga 2000R CCD. Table 5-3 shows the relevant specifications of this
camera. The WFS camera can be scanned through focus via a computer controlled
translation stage.

Figure 5-2: Schematic of test bed in phase retrieval mode. Shutter S2 is closed to block the
reference arm of the interferometer and flip-mirror F1 is lowered to allow point source
illumination.
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Table 5-3: Specifications for the Q-Imaging Retiga 2000R CCD wavefront sensing camera.

Chip Size (pixels):
Chip Size (mm):
Pixel Size (µm):
Well Depth (e–):
Bits:
Read Noise (e–):
Dark Current (e–/s/pix):

1600 x 1200
11.84 x 8.88
7.4
40,000
12
16
0.5

5.1.2 Phase-shifting Interferometry

Figure 5-3 shows a schematic of the test bed when configured for phase-shifting
interferometry.

From the configuration shown in Figure 5-2, flip-mirror F2 is

lowered and shutter S2 is opened. Lowering flip-mirror F2 allows the pupil to be reimaged by lens L3 onto the interferometry camera. The interferometry camera is a
Lumenera Lu120M CMOS sensor, the relevant specifications of which are shown in
Table 5-4. The reference mirror is mounted on a piezo-electric transducer (PZT) that
shifts the mirror by fractions of a wavelength to collect phase-shifting frames.
Thirteen frames are collected and processed using a Zygo® 13-step algorithm [1] to
determine the phase error introduced by the DM.

5.1.3 Pupil Imaging

Figure 5-4 shows a schematic of the test bed when configured for pupil imaging for
point-source illumination. From the configuration shown in Figure 5-3, shutter S2 is
closed. The interferometry camera is conjugate to the DM pupil plane. A pupil
image can be gathered when the scene projector is the illumination source simply by
raising flip-mirror F1 and closing shutter S1 to block the laser illumination.
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Figure 5-3: Schematic of test bed in interferometry mode. Shutter S2 is opened to access the
interferometer reference arm and flip-mirror F2 is lowered to access the interferometry camera.

Table 5-4: Specifications for the Lumenera Lu120m CMOS interferometry camera.

Chip Size (pixels):
Chip Size (mm):
Pixel Size (µm):
Bits:

1280 x 1024
8.6 x 6.9
6.7
8
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Figure 5-4: Schematic of test bed in pupil imaging mode when point-source illumination is used.
Shutter S2 is closed to block the interferometer reference arm.

5.1.4 Phase Diversity

Figure 5-5 shows the test bed when configured for collecting phase diversity frames.
From the configuration in Figure 5-4, flip-mirrors F1 and F2 are both raised and
shutter S1 is closed. The scene projector is a modified BenQ MP622 Digital Light
Processing (DLP™) projector (see Section 5.1.5). The relevant specifications of the
projector are given in Table 5-5. The DLP™ chip is conjugate to the WFS camera as
well as image plane IM2. A filter wheel near IM2 holds various spectral filters that
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can used to create several bandwidths. Table 5-6 lists the spectral filters and the
corresponding bandwidths.
Plane P1 is conjugate to the DM pupil plane. An iris in plane P1 is used as the
limiting aperture of the system, restricting the pupil to the inner 19 segments of the
MEMS DM.

Table 5-5: Specifications for the BenQ MP622 DLP™ scene projector.

Image Size (pixels):
DLP Chip Size (mm):
DLP Pixel Size (µm):
Color Wheel Segments:

1024 x 768
11.19 x 8.40
10.93
5 (R, G, B, Y, Clear)

Table 5-6: Color filters and associated bandwidths. The shortpass filters are combined with the
500 nm longpass filter to create the bandwidths shown.

Description

Laser-line Filter
Bandpass Filter
Bandpass Filter
Bandpass Filter
Longpass Filter
Shortpass Filter
Shortpass Filter
Shortpass Filter

Center/Cut-off
Wavelength (nm)
632.8
550
550
550
500
600
650
700

∆λ (nm)

∆λ/λ

1
10
40
80
N/A
100
150
200

0.2%
1.8%
7.3%
14.6%
N/A
18.2%
26.1%
33.3%
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Figure 5-5: Schematic of test bed in phase diversity mode. Flip-mirror F1 is raised to allow
extended scene illumination. Shutters S1 and S2 are both closed to block laser illumination and
the interferometer reference arm, respectively. Flip-mirror F2 is raised to allow imaging by the
WFS camera. An iris in conjugate pupil plane P1 restricts the pupil to the inner 19 segments of
the DM. Spectral filters are included near plane IM2 to control the spectral bandwidth of the
object being observed.

5.1.5 Scene Projector

A BenQ MP622 DLP™ projector was purchased to be used as a scene projector for
the phase diversity arm of the test bed. A DLP™ projector uses a digital mirror
device (DMD) to turn individual pixels on or off by tilting micro-mirrors to either
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reflect light into the projection optics (“on”) or into a baffle (“off”). The mirror
motion is synchronized with a spinning color wheel to produce color images.
A few modifications had to be made before the projector could be used in the
test bed. Phase-diversity algorithms assume incoherent illumination of the object and
therefore require uniform illumination of the pupil. Figure 5-6 shows an image of the
pupil of the projector where it is clearly seen that the illumination is not uniform.

Figure 5-6: Image of projector pupil showing non-uniform illumination.

Since the manufacturer would not provide specific designs of the illumination
and projection optics, the projector was dismantled to better understand its operation.
Figure 5-7 shows a schematic of the projector optical path. An integrating rod is used
to homogenize the source. It is assumed Köhler illumination is used and that an
image of the exit port of the integrating rod is formed in the pupil of the projection
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lens. A piece of ground glass was fixed at the exit port of the integrating rod to
further diffuse the source illumination. Figure 5-8 shows an image of the projector
pupil after the ground glass diffuser was installed, showing a marked improvement in
the uniformity of the pupil illumination.

Figure 5-7: Schematic of projector optics. Köhler illumination is used such that an image of the
source (exit port of integrating rod) is formed in the pupil of the projection optics. The
projection optics are designed to project the image above the DMD.

The second modification to the projector was the removal of the projection optics.
The projector was optimized for producing a magnified version of the DMD a large
distance in front of and slightly above the projector, which does not match our
application. Instead, by removing the projection optics, direct access to the DMD
chip is available and an optical relay can be designed with the magnification desired
for the test bed.
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Figure 5-8: Image of projector pupil after ground-glass diffuser was installed. Illumination
uniformity is greatly improved.

5.1.6 MEMs Deformable Mirrors

Two sets of MEMs deformable mirrors were acquired to be used in the test bed as the
system under test. Both DMs are hexagonally segmented with piston, tip and tilt
control on each segment. The first set of mirrors was manufactured by Sandia
National Laboratories.

Table 5-7 lists the relevant specifications of the device.

While the actuators on the Sandia mirror have a large amount of stroke (27 µm), the
mirror segments themselves are thin layers of silicon deposited directly over the
actuator structure. This configuration causes the underlying structure to print through
to the mirror surface, causing a significant amount of surface roughness.
Furthermore, the top layer of silicon is deposited in such a way that the mirror
segments are pre-stressed to account for a gold coating process, causing a large
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degree of cupping in uncoated mirrors. The Sandia mirrors and drive electronics are
also uncalibrated, making it difficult to repeatedly and accurately position the mirror
as desired. For example, flattening the mirror requires a complicated iterative process
that is dependent on the order in which segments were moved due to inter-actuator
influence.
The second set of mirrors was purchased from Iris AO, Inc. Table 5-7 lists
the relevant specifications of the Iris AO mirrors. While the stroke of the Iris AO
mirrors is not as large as that of the Sandia mirrors, the actuators and drive electronics
are fully calibrated, allowing for segments to be more accurately positioned very
repeatedly. Furthermore, Iris AO attaches thick mirror surfaces to each actuator,
reducing print through and improving surface roughness and surface figure. Typical
segment surface quality is less than 20 nm RMS.

The Iris AO mirrors were used

for all of the experiments presented in this thesis.

Table 5-7: Specifications for the Sandia National Laboratories and Iris AO, Inc. hexagonallysegmented MEMs DM.

Number of Segments:
Flat-to-flat Segment Size (µm):
Mirror Array Size (mm):
Actuator Stroke (µm):
Fill Factor:

Sandia DM
61
497
~4
27
99%

Iris AO DM
37
606
~4
5
98.6%
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5.2 Experimental Procedure
5.2.1 Mirror Actuation

Before collecting image frames for phase diversity, the mirror segments were
actuated to introduce between 0.1 λo and 0.2 λo RMS of random pistons, tips, and tilts
into the system.

5.2.2 Pupil Orientation and Image

A pupil image was collected using the projector as the illumination source.
The pupil image was rotated, thresholded, and scaled to be used as the known
aperture in the phase-diversity algorithm.
The WFS camera was translated inside of the nominal focus as far as possible
(~2.5 λo PV defocus) where regions of the PSF could be mapped to regions of the
pupil. By obstructing portions of the pupil and seeing where the PSF was shadowed,
the gross orientation of the pupil with respect to the WFS camera was determined.
Diffraction from the segment array causes a very distinct spot pattern in the
PSF. By measuring the angle of the spots in the PSF with respect to the WFS camera
pixels, the fine rotation of the pupil with respect to the WFS camera was measured to
be about 1.9º. In support of this measurement, several rotation angles between 0º and
5º were tested in the phase-diversity algorithm and 1.9º produced the best phase
estimate.

Figure 5-9 shows an example PSF of a point source and angle

measurement.
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Figure 5-9: Example PSF of a point source used for determining the rotation angle of the pupil
with respect to the WFS camera. Red squares identify the centers of the diffraction peaks, as
determined by the maximum pixel value, and are connected by red lines. Blue lines are drawn
along the expected angles of diffraction if the relative rotation between pupil and camera were
0º. Calculating the angle between the red and blue lines yields a relative rotation of 1.9º.

After rotation, the pupil image was thresholded to produce a binary mask of
the iris in conjugate pupil plane P1. The binary mask was then zero-padded to the
appropriate Q and resampled to match the array size of the images used in the phase
diversity algorithm. Q is defined as
Q=

λ F#
∆u

(5.1)

where λ is the wavelength, ∆u is the detector pixel size and the F# is the image
domain f-number. When Q = 2, the intensity in the image plane is Nyquist sampled.
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For λ = 632.8 nm, Q ≈ 4 for the test bed, and it depends on the diameter of the iris in
the pupil plane P1.
The rotated, scaled, and thresholded binary image of the iris was then applied
to the segmented array generated in the phase diversity algorithm to create the pupil
amplitude. Figure 5-10 shows an example of the pupil amplitude. Notice the edges
of the hexagonal array are shaded to better model the smooth edges of the mirrors.

Figure 5-10: Pupil amplitude as constructed by the phase diversity algorithm. The irregular
edge is due to the iris used as the limiting aperture in the conjugate pupil plane. The underlying
hexagonal array uses shaded edges to approximate the smooth edges of the real mirror. The
entire pupil is rotated by approximately 1.9º clockwise. Only the center 200 x 200 pixel portion
of the array is shown.
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5.2.3 Interferometry

Interferometry data was collected before and after the phase diversity image
frames were collected. This allows any drift in the system during frame collection to
be quantified.

In experiments for which sub-aperture piston diversity was

implemented, interferometry data was collected after each phase diversity frame in
order to confirm the actual pistons that were introduced. As described in Section
5.1.2, thirteen phase-shifting frames were collected and processed by a Zygo® 13-step
algorithm [1]. The resulting phases were then unwrapped as necessary on a segmentby-segment basis.

Figure 5-11 shows a 0.008 λo RMS difference between

interferometry data before and after phase diversity image collection. This places a
limit on how well we can expect the phase estimated by phase diversity to agree with
the phase measured by the interferometer.

Figure 5-11: Difference between interferometry data taken before and after phase-diversity
images. The scale is in units of waves and the RMS difference is 0.008 λo.
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5.2.4 Phase Diversity Image Collection and Processing

Figure 5-12(a) shows the color image input to the projector for display.
Figure 5-12(b) shows an example raw frame collected by the WFS camera. The
rectangular halo surrounding the region of interest (ROI) is due to the fact that the
DLP™ projector cannot produce a pure black background. To remove this halo, 10
“background frames” were collected where the projector displayed a black screen.
The 10 frames were averaged and subtracted from the average of 10 image frames.
Figure 5-13(a) shows an averaged background frame and Figure 5-13(b) shows an
averaged, background-subtracted frame. Since the ROI occupied only a small portion
of the CCD, the background-subtracted images were cropped to about a quarter of
their size from the 1600 × 1200 array.
When the WFS camera is translated through focus, the image moves across
the CCD since the axis of the translation stage is not perfectly aligned with the optical
axis. To mitigate this effect, the diversity images were first registered using an
efficient, sub-pixel registration algorithm [2]. Also, global tip and tilt phases for each
diversity image were allowed to vary in the phase-diversity algorithm so that any
residual translations of the images would be accounted for.
Exposure times for each image were set by integrating until the peak pixel in
the image was equal to 80% of the 40,000 e– well depth.
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Figure 5-12: (a) True image input to projector. (b) Detected zero-diversity raw frame. The
intensity in (b) is stretched to the 1/5 power to show diffraction streaks, background, and noise.
The image in (b) appears rotated since the projector is mounted on its side.

5.2.5 Phase-Diversity Algorithm

For all of the experiments performed, the regularized reduced Gaussian (RRG) metric
of Section 2.2.2 was used. Initially, only piston, tip, and tilt were estimated for each
sub-aperture and only the second order Zernike polynomials were estimated across
the global aperture (phase-diversity algorithms are insensitive to global piston, tip,
and tilt). As the algorithm progressed, gradually, the number of parameters was
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increased until the Zernike polynomials up to and including 5th order were estimated
on both the sub-apertures and the global aperture.

Each time the number of

parameters was increased, the object and noise power spectra were re-estimated using
the new estimate to the system phase.

Figure 5-13: (a) Average of ten background frames. (b) Average of ten image frames minus the
averaged background frame of (a). Both intensities are stretched to the 1/5 power.
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When focus diversity was used to gather the phase diversity images, a focus
correction factor was estimated for each diversity plane.

This accounts for the

inherent uncertainty in the actual translation of the WFS camera.

5.3 Experimental Results
Four experiments were performed to validate monochromatic focus diversity,
broadband focus diversity, monochromatic sub-aperture piston phase diversity
(SAPPD) and broadband SAPPD.

5.3.1 Monochromatic Focus Diversity

The image of Figure 5-12(a) was projected with the 632.8 nm laser-line filter in place.
Five diversity images were captured by translating the WFS camera from the nominal
focus position by [–15, –10, 0, 10, 15] mm. These focus positions correspond to
[–1.315, –0.877, 0, 0.877, 1.315] λo peak-to-valley (PV) of quadratic phase, where
the relationship between z-translation and PV quadratic phase in waves is given by
foc
φPV
=

∆z
8λo F#2

(5.2)

where ∆z is the distance translated from the nominal focus, λo is the center
wavelength and F# is the image space f-number, which was 47.5 for these
experiments.

Figure 5-14 shows the five diversity images after background

subtraction, registration and cropping. Each image is 400 × 400 pixels.
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Figure 5-14: The five diversity images input to the phase diversity algorithm. (a) –1.315 λo PV
defocus, (b) –0.877 λo, (c) 0 λo, (d) 0.877 λo, (e) 1.315 λo. Scale has units of bits.

Figure 5-15(a) shows the unwrapped, measured interferometry phase minus
global piston, tip, tilt, and focus. Figure 5-15(b) shows the phase estimated by the
phase-diversity algorithm minus global piston, tip, tilt, and focus. Figure 5-15(c)
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shows the difference phase. The estimated and measured phases differ by 0.06

λo RMS.

Figure 5-15: Phase estimation results for monochromatic focus diversity. (a) Phase measured by
interferometry, 0.15 λo RMS. (b) Phase estimated by focus diversity, 0.16 λo RMS. (c)
Difference phase, 0.06 λo RMS. Scale has units of waves.

Figure 5-16(a) shows the image input to the DLP™ projector. Figure 5-16(b)
shows the in-focus detected image. Figure 5-16(c) shows the image restored by a
multi-frame Wiener-filter using Eq. (2.16), using the phase estimated by the phasediversity algorithm.

Figure 5-16(d) shows the image restored using the phase

measured by phase-shifting interferometry and using only the in-focus detected
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image. Only a single frame reconstruction is used for the interferometry phase
because the global tip, tilt and focus terms with respect to the interferometry camera
are unknown for the out-of-focus images. The phase-diversity algorithm estimates
these quantities with respect to the wavefront sensing camera during the optimization
so they can be included in the multi-frame reconstruction. The Wiener-filter tuning
constant, c, was equal to 1. The image reconstructed using the estimated phase has
similar quality to the image reconstructed from the interferometry phase.

(a)

(b)

(c)

(d)

Figure 5-16: Monochromatic focus diversity images. (a) Image input to projector. (b) Zerodiversity image detected through 632.8 nm laser-line filter. (c) Monochromatic, multi-frame
reconstructed image using estimated phase. (d) Monochromatic, single-frame reconstructed
image using interferometry phase.
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5.3.2 Broadband Focus Diversity

The image of Figure 5-12(a) was projected with the 500 nm longpass and 650 nm
shortpass filters combined to create a 150 nm bandwidth centered on 575 nm. Five
diversity images were captured by translating the WFS camera from the nominal
focus position by [–15, –10, 0, 10, 15] mm. These focus positions correspond to
[–1.484, –0.989, 0, 0.989, 1.484] λo peak-to-valley (PV) of quadratic phase using Eq.
(5.2) and an image space f-number of 46.9. For this experiment, five gray-world
spectral coefficients were used to sample the spectrum and were assumed to be
uniform.
Figure 5-17(a) shows the unwrapped, measured interferometry phase minus
global piston, tip, tilt, and focus. Figure 5-17(b) shows the phase estimated by the
phase diversity algorithm minus global piston, tip, tilt, and focus. Figure 5-17(c)
shows the difference phase. The estimated and measured phases differ by 0.06

λo RMS.
Figure 5-18 (a) shows the image input to the DLP™ projector. Figure 5-18(b)
shows the in-focus detected image. Figure 5-18(c) shows the image restored by a
multi-frame Wiener-filter using Eq. (2.16), using the phase estimated by the phasediversity algorithm. Figure 5-18(d) shows the image restored using a single-frame
Wiener filter and phase measured by phase-shifting interferometry. The Wiener-filter
tuning constant, c, was equal to 1. Again, the image reconstructed from the estimated
phase is of similar quality to the image reconstructed from the phase measured by
interferometry. Notice the slats of the fence are clearly visible in the reconstructed
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Figure 5-17: Phase estimation results for broadband focus diversity (∆
∆λ/λo = 26.1%). (a) Phase
measured by interferometry, 0.15 λo RMS. (b) Phase estimated by focus diversity, 0.18 λo RMS.
(c) Difference phase, 0.06 λo RMS. Scale has units of waves.

images, but not in the measured, in-focus image. We believe that slats are visible in
Figure 5-18(c) and Figure 5-18(d) and not in the monochromatic reconstructed image
of Figure 5-16(c) and Figure 5-16(d), despite having a similar degree of phase
correction, because the narrow-band filter in the monochromatic experiment blocked
much of the blue light coming from the container behind the fence. The black fence
on a nearly black background is therefore a very low contrast region of the scene, in
both the detected and reconstructed images. However, in the broadband experiment,
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much of the blue light from the container passes through the spectral filter and the
black fence on a bright blue background creates a high contrast region that is easily
visible in the reconstructed image.

(a)

(b)

(c)

(d)

Figure 5-18: Broadband focus diversity images. (a) Image input to projector. (b) Zero-diversity
image detected through a 150 nm bandpass filter. (c) Panchromatic, gray, multi-frame image
reconstructed using estimated phase. (d) Panchromatic, gray, single-frame image reconstructed
using interferometry phase. Note the slats of the fence are clearly visible in (c) and (d) but are
washed out in the detected aberrated image (b).

5.3.3 Monochromatic Sub-aperture Piston Phase Diversity

The image of Figure 5-12(a) was projected through the 632.8 nm laser-line filter.
Five diversity images were captured using sub-aperture piston phase diversity. The
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implementation used for these experiments is shown in Figure 5-19. Triplets of
segments were pistoned by [0.19, 0.09, 0, –0.09, –0.19] µm, resulting in twice that
amount of piston OPD, [0.38, 0.19, 0, –0.19, –0.38] µm. With the center wavelength
of 632.8 nm, the pistons are [0.6, 0.3, 0, –0.3, –0.6] λo.

Figure 5-19: Example of sub-aperture piston diversity implementation. Shown is the difference
between the 0.6 λo and 0 λo unwrapped interferometry frames. The scale is in units of waves.

Figure 5-20(a) shows the unwrapped, measured interferometry phase minus
global piston, tip, tilt, and focus. Figure 5-20(b) shows the phase estimated by the
phase-diversity algorithm minus global piston, tip, tilt, and focus. The difference
phase, shown in Figure 5-20(c), reveals two segments that are in error by a
wavelength. For monochromatic illumination, piston errors of integer wavelengths
are invisible to both the phase-diversity algorithm and single-wavelength
interferometry. Adding a single wave of piston to the appropriate segments of the
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estimated phase reduces the error between the estimation and interferometry to 0.08

λo RMS, and is shown in Figure 5-20(d).

Figure 5-20: Phase estimation results for monochromatic sub-aperture piston phase diversity
(λo = 632.8 nm). (a) Phase measured by interferometry, 0.15 λo RMS. (b) Phase estimated by
focus diversity, 0.22 λo RMS. (c) Difference phase, 0.23 λo RMS. Visible in the difference phase
are two segments that are in error by a single wavelength. (d) Difference between measured
interferometry phase and estimated phase for monochromatic SAPPD after the piston errors in
(c) were corrected. The RMS error is 0.08 λo. Scale has units of waves.

Figure 5-21(a) shows the image input to the DLP™ projector. Figure 5-21(b) shows
the in-focus detected image. Figure 5-21(c) shows the image restored by a multiframe Wiener-filter using Eq. (2.16) using the phase estimated by the phase diversity
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algorithm. Figure 5-21(d) shows the image restored using only the zero-diversity
image and the phase measured by the interferometer.

The Wiener-filter tuning

constant, c, was equal to 1. Here, it appears that the image reconstructed using the
interferometry phase is slightly sharper than the image reconstructed using the
estimated phase, but is also degraded more by noise artifacts. The difference in the
image reconstructions may be due to the larger error in the phase estimation of 0.08

λo RMS.

(a)

(b)

(c)

(d)

Figure 5-21: Monochromatic SAPPD images. (a) Image input to projector. (b) Zero-diversity
image detected through 632.8nm laser-line filter. (c) Monochromatic, multi-frame reconstructed
image using estimated phase. (d) Monochromatic, single-frame reconstructed image using
interferometry phase.
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5.3.4 Broadband Sub-aperture Piston Phase Diversity

The image of Figure 5-12(a) was again projected with the 500 nm longpass and 650
nm shortpass filters combined to create a 150 nm bandwidth centered on 575 nm.
Five diversity images were captured using sub-aperture piston phase diversity. The
implementation used for these experiments is shown in Figure 5-19. Triplets of
segments were pistoned by [0.173, 0.086, 0, –0.086, –0.173] µm, resulting in twice
that amount of piston OPD, [0.345, 0.173, 0, –0.173, –0.345] µm. With the center
wavelength of 575 nm, the pistons are [0.6, 0.3, 0, –0.3, –0.6] λo. Five gray-world
spectral coefficients were used to sample the spectrum and were assumed to be
uniform.
Figure 5-22(a) shows the unwrapped, measured interferometry phase minus
global piston, tip, tilt, and focus. Figure 5-22(b) shows the phase estimated by the
phase-diversity algorithm minus global piston, tip, tilt, and focus. Figure 5-22(c)
shows the difference phase. The estimated and measured phases differ by 0.06

λo RMS.
Figure 5-23(a) shows the image input to the DLP™ projector. Figure 5-23(b)
shows the in-focus detected image. Figure 5-23(c) shows the image restored by a
multi-frame Wiener-filter using Eq. (2.16), using the phase estimated by the phasediversity algorithm.

Figure 5-23(d) shows the image restored from the phase

measured by interferometry using only the zero-diversity image. The Wiener-filter
tuning constant, c, was equal to 1. Again, both reconstructed images appear to be of
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similar quality.

The slats of the fence are once again sharply defined in the

reconstructed image where they are not visible at all in the detected, zero-diversity
image. Similar to the focus diversity experiment, the slats of the fence are much
more visible in the broadband reconstructed image in Figure 5-23(c) than the
monochromatic reconstructed image in Figure 5-21(c). Again, this is due to the
broadband spectral filter allowing the blue light of the container to pass and creating a
high contrast feature with the fence.

Figure 5-22: Phase estimation results for broadband sub-aperture piston diversity (∆
∆λ / λ o =
26.1%). (a) Phase measured by interferometry, 0.15 λo RMS. (b) Phase estimated by subaperture piston diversity, 0.18 λo RMS. (c) Difference phase, 0.06 λo RMS. Scale has units of
waves.
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(a)

(b)

(c)

(d)

Figure 5-23: Broadband SAPPD images. (a) Image input to projector. (b) Zero-diversity image
detected through a 150 nm bandpass filter. (c) Panchromatic, gray, multi-frame reconstructed
image using the estimated phase. (d)Panchromatic, gray, single-frame reconstructed image
using the phase measured by inteferometry. Note the slats of the fence are clearly visible in (c)
and are washed out in the detected aberrated image (b).

Figure 5-24 shows how image reconstruction depends on the Wiener-filter
tuning constant, c. In general, lower values of c emphasize sharpening of the image,
but introduce noise artifacts.

Conversely, large values of c emphasize noise

suppression but result in blurred imagery.
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(a)

(b)

(c)

(d)

Figure 5-24: Broadband SAPPD image reconstructions for various values of Wiener-filter
tuning constant, c: (a) c = 0.001, (b) c = 0.1, (c) c = 1, (d) c = 5.

5.4 Summary
An experimental test bed was constructed capable of sequentially capturing phase
diversity images and phase-shifting interferometry data. The interferometry data was
used to corroborate the phase estimated by the phase-diversity algorithm.

A

hexagonally segmented MEMs DM was used to introduce calibrated segment-level
piston, tip, and tilt errors into the system. A DLP™ projector was modified and used
to project a known color scene into the system.
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We successfully demonstrated monochromatic and broadband phase diversity,
implementing both focus diversity and sub-aperture piston phase diversity (SAPPD).
Focus diversity was implemented by translating the wavefront sensing camera
through focus. SAPPD was implemented by pistoning triplets of segments on the
DM. In each case the estimated phase agreed with the interferometry to 0.06 λo
RMS, except for monochromatic SAPPD which agreed to 0.08 λo RMS.
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6 Multi-field Wavefront Sensing
6.1 Introduction
It is not uncommon for multiple scientific instruments to share the focal plane of an
optical system, particularly in the case of large, astronomical telescopes.

For

example, the James Webb Space Telescope (JWST) will have four scientific
instruments populating the field of view. When wavefront correction is performed, it
is necessary to sense and correct the field-dependent aberration terms so that the
images detected by off-axis instruments are not degraded by an unacceptable
wavefront error.
For deployable systems that allow active control of the primary mirror, such
as the JWST, it is important to characterize the off-axis wavefront aberrations to
accurately know the position of the deployed optics. For example, if the secondary
mirror of a three mirror anastigmat is deployed such that it is decentered and tilted
with respect to the nominal position, astigmatism that is linearly dependent on the
field height and coma that is independent of field height will be introduced [1]. If
wavefront sensing is performed only for a single field point, the primary mirror can
be actuated to correct both of these aberrations. However, instruments viewing a
different portion of the field may still be highly aberrated, as illustrated in Figure 6-1.
Multi-field wavefront sensing can be performed to distinguish between fielddependent aberrations that are caused by a deployment error and field-dependent
aberrations that are inherently part of the optical design, allowing the former to be
corrected.
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Pupil

Focal Plane
with
Multiple Science
Instruments

Figure 6-1: Schematic of a system with multiple science instruments in the focal plane. Even
though the wavefront may be well corrected for the on-axis science instrument, other
instruments in the FOV may be unacceptably aberrated.

Current techniques of phase-diverse phase retrieval (PDPR) use images from a
single point source to determine the wavefront error for that point source location
only. By performing PDPR separately on point sources across the field of view, one
can eventually build a model for the field dependent aberrations in the system.
We propose a method of multi-field wavefront sensing in which the images
from multiple point sources are used simultaneously in the PDPR algorithm to
estimate the field-dependent aberrations.

This method uses a technique of

parameterizing the phase, proposed by Kwee and Braat, which uses a double Zernike
expansion to introduce field dependence into the wavefront [2].
In this section we compare two methods of performing multi-field wavefront
sensing: directly estimating the field-dependent wavefront for all point-sources using
PDPR, or indirectly constructing a field-dependent model from a number of field-
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independent PDPR estimates.

Information-theoretic Cramer-Rao bounds are

calculated to determine the theoretical limit of each technique. Digital simulations
are also performed to compare each technique in practice.
In Section 6.2 we present a model for incorporating the field-dependence of
the wavefront into the phase parameterization and use this model in a PDPR
algorithm discussed in Section 6.3.
In Section 6.4, we introduce the information theoretic Cramer-Rao bounds and
compute for the two methods of estimation.
In Section 6.5, we describe digital simulations that were run to compare PDPR
estimation to predictions made by the CRBs. Results are presented in Section 6.6 and
a summary is presented in Section 6.7.

6.2 Field-dependent Wavefront Model
For any single point in the field of view (FOV), the wavefront in the pupil can be
written as an expansion of a basis set,
J

W ( x, y ) = ∑ α j Z j ( x, y )

(6.1)

j =1

where (x, y) are the pupil coordinates, αj is the coefficient of the jth basis function, Zj
is the jth member of the basis set and J is the total number of terms in the basis set.
Typically, Zernikes are used for the polynomials because individual terms represent
balanced optical aberrations. Since Eq. (6.1) does not depend on the field position of
the point source, then a different set of coefficients is needed to characterize the
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wavefront at a different field point. Therefore, a field-dependent wavefront can be
written as
J

W ξ f ,η f ; x, y = ∑ α j , f Z j ( x, y )

(

)

(6.2)

j =1

where (ξf, ηf) are the coordinates of a single discrete field point.

The set of

coefficients α = {α
αf} represents the wavefront at {(ξf, ηf)}, the set of discrete points
in the FOV. Using a sufficient number of field points, a model of the wavefront at all
field points can be extrapolated or interpolated.
Kwee and Braat [2] derived a set of field dependent polynomials in the form
of a double Zernike expansion, such that the field dependent wavefront can be written
in the form
L

J

W (ξ ,η ; x, y ) = ∑∑ β j , Z  (ξ ,η ) Z j ( x, y )

(6.3)

 =1 j =1

where L is the number of terms in the Zernike expansion over the field coordinates
and the coefficients β now characterize the wavefront for every point in the field.
A relationship between α and β can be found by setting Eqs. (6.2) and (6.3)
equal to each other:,
L

J

∑ α j, f Z j ( x, y ) = ∑∑ β j, Z (ξ f ,η f ) Z j ( x, y )
j

(6.4)

 =1 j =1

L

α j , f = ∑ β j , Z  (ξ f ,η f ) .
 =1

Equation (6.4) can be written in matrix notation as

(6.5)
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α J × F = β J × L M JL× JF

(6.6)

where α and β are vectors of length J × F and J × L, respectively, and M is a matrix
of dimension JL × JF, where J is the number of polynomials in the pupil expansion, L
is the number of polynomials in the field expansion and F is the number of discrete
field points. Conversely, it is possible to compute the β coefficients from the α
coefficients by inverting Eq. (6.6) as
α J × F M −JF1 × JL = β J × L .

(6.7)

If the transformation matrix, M, is not square, it can be inverted using the MoorePenrose [3] pseudo-inverse.

6.3 Multi-field Phase-diverse Phase Retrieval
It is possible to estimate the coefficients, β , that characterize the wavefront for
every point in the field in two ways. First, one can estimate a set of α coefficients for
a number of different field positions and then obtain β with Eq. (6.7). Alternatively,
one can use Eq. (6.3) in the forward model of the PDPR algorithm and use the set of
off-axis PSFs jointly to directly estimate the β coefficients.
Using Eq. (6.2) or Eq. (6.3), the pupil function corresponding to field point
(ξf, ηf) can be written as
 2π

P x, y; ξ f ,η f = A ( x, y ) exp i
W x , y ; ξ f ,η f 
 λ


(

)

(

)

(6.8)
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where |A(x,y)| is the pupil amplitude which we assume does not change with field
position. The pupil function is propagated to the kth image plane by a Fresnel-like
transform given by
 π Dk 2 2 
hk u, v; ξ f ,η f = exp i
u + v  ∫∫ P x, y; ξ f ,η f
 λ Bk


(

) { (

(

)

)


 πA

 2π

× exp i k x 2 + y 2  exp  −i
( xu + yv )  dxdy 
 λ Bk

 λ Bk



(

(6.9)

)

where hk(u, v;ξf, ηf) is the kth coherent impulse response function of the fth field point,
(u, v) are the image plane coordinates, Ak, Bk and Dk are the elements of the raytransfer matrix that relates the pupil plane to the kth image plane [4], and λ is the
wavelength. The point spread functions (PSFs) are then given by

(

)

(

sk u, v; ξ f ,η f = hk u, v; ξ f ,η f

)

2

.

(6.10)

As described in Section 1.3.2, one implementation of PDPR is to minimize an
error metric using a nonlinear optimization routine. For this study we chose to
minimize a squared difference of amplitudes metric, given by
F

K

E ( α ) = ∑∑∑  d k u, v; ξ f ,η f − hk u, v; ξ f ,η f ; α 


u ,v f =1 k =1 

(

)

(

2

)

(6.11)

or
F

K

E ( β ) = ∑∑∑  d k u, v; ξ f ,η f − hk u, v; ξ f ,η f ; β 


u ,v f =1 k =1 

(

)

(

)

2

(6.12)

where dk(u, v;ξf, ηf;) is the kth detected intensity PSF for the fth field point and
hk(u, v;ξf, ηf;) is the estimated coherent impulse response function for the kth image
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plane that depends on either the field-dependent α coefficients or the fieldindependent β coefficients.

6.4 Cramer-Rao Bound Analysis
A useful method to compare the two techniques of multi-field wavefront sensing is to
calculate the information-theoretic Cramer-Rao bounds (CRB).

For an unbiased

estimator, the CRBs provide a bound on the minimum variance associated with
estimating a particular quantity in the presence of noise [5-9]. They are independent
of the method of estimation and only depend on the system model and noise statistics.
For an unbiased estimator, the CRBs are defined as
−1

σ m2 ≥ [ F ]m,m

(6.13)

where σm2 is the variance associated with the error in estimating the mth quantity and

F is the Fisher Information Matrix (FIM), the elements of which are given by

[ F ]m,n = −

∂ 2L
∂ωm ∂ωn

(6.14)

where L is the log-likelihood function for the given noise model and ωm and ωn are
the mth and nth members of ω, the set of quantities being estimated.
When the estimator is biased, it is still possible to calculate the CRBs if the
bias, b(ω
ω), is known and differentiable. When this is the case, the CRBs are given by

{

σ m2 ≥ I + J b ( ω )  F −1 I + J b ( ω ) 

T

}

m,m

(6.15)
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Where I is the identity matrix, Jb(ω
ω) is the Jacobian of the bias, and the superscript T
denotes a transpose operation. If the bias is not known, or not differentiable, then the
CRBs cannot be computed. However, it may still be useful to evaluate Eq. (6.13) and
use the computed variances to track the relative performance of an estimator as
certain conditions, such as SNR, change.
We now derive the FIM for the case of the multi-field PDPR estimation using
measured images with additive Gaussian noise. The noisy detected images are given
by

(

)

(

)

d k u , v; ξ f ,η f = sk u , v; ξ f ,η f + nk , f ( u , v )

(6.16)

where nk,f (u, v) is zero-mean, additive Gaussian noise for the kth diversity PSF of the
fth field point. The log-likelihood function is given by

L (ω ) = −

1

F

K

∑∑∑  ( u, v;ξ f ,η f ) − sk ( u, v;ξ f ,η f ; ω )

dk
2σ n2 u ,v f =1 k =1 

2

(6.17)

where σn2 is the variance of the noise and ω represents either the α or β coefficients.
Evaluating the first derivative of Eq. (6.17) gives
∂L ( ω ) 1
= 2
∂ωm
σn

F

K

∑∑∑  dk ( u, v; ξ f ,η f ) − sk ( u, v; ξ f ,η f ; ω )
u ,v f =1 k =1

×
Evaluating the second derivative gives

(

∂sk u , v; ξ f ,η f ; ω
∂ωm

).

(6.18)
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∂ 2L ( ω )
1
= 2
∂ωn ∂ωm σ n
×

F

K

∑∑ ∑ {dk ( u, v; ξ f ,η f ) − sk ( u, v; ξ f ,η f ; ω )
u ,v f =1 k =1

(

∂ 2 sk u , v; ξ f ,η f ; ω
∂ωn ∂ωm

) − ∂sk ( u, v; ξ f ,η f ; ω ) ∂sk ( u, v; ξ f ,η f ; ω )  .
∂ωm

(6.19)




∂ωn

Finally, noting that

(

d k u, v; ξ f ,η f

)

(

= sk u, v; ξ f ,η f ; ω

)

(6.20)

and taking the negative of the expectation value of Eq. (6.19) to obtain the FIM yields

[ F ]m,n =

F

1

K

∑∑∑
σ2

n u ,v f =1 k =1

(

)

(

∂sk u , v; ξ f ,η f ; ω ∂sk u, v; ξ f ,η f ; ω
∂ωm

∂ωn

).

(6.21)

Using Eqs. (6.8) through (6.10) the derivatives can be computed, giving
α

[ F ]m,n = −

F K

2
∗
Re
∑∑ ∑  hk u, v; ξ f ,η f ; α 
2 2
λ σn
 u ,v f =1 k =1
×P  Z m ( x, y ) P x, y; ξ f ,η f ; α 

16π 2

(

)

(
)
×P  Z n ( x, y ) P ( x, y; ξ f ,η f ; α ) }

(6.22)

and
β

[ F ]m,n = −

F K

2
 hk∗ u , v; ξ f ,η f ; β 
Re

∑
∑
∑

λ 2σ n2  u ,v f =1 k =1 
×P  Z m x, y; ξ f ,η f P x, y; ξ f ,η f ; β 

16π 2

(

)

(
) (
)
×P  Z n ( x, y; ξ f ,η f ) P ( x, y; ξ f ,η f ; β ) }

(6.23)

where P[...] is the Fresnel-like propagation of Eq. (6.9). We note from Eqs. (6.22)
and (6.23) that the FIM, and therefore the CRBs, depends on the specific realization
of the wavefront parameterized by α or β . Therefore, for this study we calculate the
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CRBs for several wavefront realizations and average them to obtain an average
minimum variance of the estimation error. While this removes some of the novelty of
calculating the CRBs it will still provide a relative comparison between the two
methods of multi-field wavefront estimation.

6.5 Digital Simulations
PSFs were simulated for five different field points of a monolithic circular aperture.
Figure 6-1 shows a schematic of the locations of the field points within the system’s
FOV. For each field point, two diversity PSFs were simulated with +4 λ and –4 λ of
focus diversity. Five noise levels were tested by varying the amount of read noise in
the image from 5 e– to 25 e–. PDPR was used to estimate either the set of the β
coefficients directly, or estimate them indirectly by first estimating the αf coefficients
for each field point and using the transformation of Eq. (6.7). The double Zernike
expansion included terms up to and including 4th order in the pupil coordinates and 1st
order in the field coordinates. Five wavefront realizations were generated, each with
10 independent noise realizations, for a total of 50 independent trials. The CRB
calculations are averaged over the 5 wavefront realizations since they do not depend
on individual noise realizations. The PDPR results are averaged over all 50 trials.
Figure 6-3 shows an example of a set of simulated wavefronts and Figure 6-4 shows
the corresponding PSFs on one side of focus.
For each set of PSFs, the FIM was calculated using Eq. (6.22) or Eq. (6.23).
When Eq. (6.23) was used, the FIM was inverted to calculate the CRBs
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corresponding to when the β coefficients are directly estimated. When the FIM was
calculated for the α coefficients, the CRBs of indirectly estimating the β coefficients
were calculated using the transformation
−1
T
σ m2 ≥  J β ( α ) F ( α ) J β ( α ) 



 m,m

,

(6.24)

where Jβ (α
α) is the Jacobian of β with respect to α, which was calculated by
differentiating Eq. (6.7). Since we are using F = 5 discrete field points and using only
L = 3 terms in the polynomial expansion over the field coordinates, the matrix M in
Eq. (6.6) is not square, and therefore not directly invertible and we use the MoorePenrose pseudo-inverse [3].

FOV

v

u
Science
Instrument
Figure 6-2: Schematic of the positions of the five field points on the focal plane. A single science
instrument is used to perform multi-field wavefront sensing and the wavefront is then
extrapolated over the entire FOV.

165

1.5
1
0.5
0
-0.5
-1

Figure 6-3: One realization of simulated wavefronts corresponding to the five field points shown
in Figure 6-2. Scale has units of waves.

Figure 6-4: Simulated PSFs at –4 λ inside of focus corresponding to the wavefronts shown in
Figure 6-3. Intensity raised to the ½ power is shown..
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6.6 Results
Figure 6-5 shows the square root of the average CRBs for the high SNR case when
the standard deviation of the read noise was 5 e–. That is, each point is given by

y = σ m2

(6.25)

and the limits of the error bars are given by

( )
− std (σ )

Upper Limit = σ m2 + std σ m2
Lower Limit =

σ m2

(6.26)

2
m

where σm2 is the CRB for the mth coefficient and std(...) denotes the standard
deviation of the argument.

The pairs of points along the bottom of the chart

correspond to the coefficients of polynomial terms that are linear in the field
coordinates, while the other points correspond to coefficients of polynomial terms
where the field dependency is constant. For example, index 9 corresponds to the
polynomial

(

U 9 (ξ ,η ; x, y ) = ( r cos θ ) ρ 2 sin 2φ

)

(6.27)

where
η 
r = ξ 2 + η 2 , θ = tan −1   ,
ξ 
 y
ρ = x 2 + y 2 , φ = tan −1   ,
 x

(6.28)

and is astigmatism that varies linearly with field position. Index 7 corresponds to the
polynomial
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U 7 ( x, y ) = ρ 2 sin 2φ

(6.29)

which is astigmatism that is independent of field position. The CRBs indicate that
there is a larger error associated with estimating the coefficients of the fieldindependent polynomials. Furthermore, the CRBs show that theoretically there is a
modest benefit to estimating the β coefficients directly, using the field-dependent
polynomial expansion of Eq. (6.3), rather than first estimating the α coefficients and
performing the calculation of Eq. (6.7).

8

x 10-3
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Indirect Estimation
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s = [CRB]1/2 l
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Coefficient Index
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Figure 6-5: Square root of the Cramer-Rao bounds for each coefficient when the read noise
standard deviation was 5 e–. The pairs of points along the bottom correspond to polynomial
terms that are linear in the field coordinates, while the other points correspond to polynomial
terms for which the field dependence is constant.
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Figure 6-6 shows the same results for the low SNR case when the standard
deviation of the read noise was 25 e–.

The same trends are seen, except the

magnitude of the CRBs has increased, indicating a larger estimation error with lower
SNR. From the inverse relationship between the CRBs and the FIM, as calculated in
Eq. (6.22) or Eq. (6.23), we expect the CRBs to vary linearly with the variance of
read noise. This expectation is confirmed in Figure 6-7, where we plot the average
CRB for coefficient #7 against the standard deviation of the read noise. It is also
clear from Figure 6-7 that in the limit of high SNR, the two methods of estimating the
field-dependence are nearly equal and for low SNR, the method of directly estimating
the β coefficients has a clear advantage.

0.04

Direct Estimation
Indirect Estimation

0.035

s = [CRB]1/2 l
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0.015
0.01
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0

5
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15 20 25 30
Coefficient Index

35

40

45

Figure 6-6: Square root of the Cramer-Rao bounds for each coefficient when the read noise
standard deviation was 25 e–. There is an advantage to using the direct estimation method,
specifically in the estimation error of the field-independent polynomials.
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Figure 6-7: Square root of the CRB for coefficient #7 vs. the standard deviation of the read
noise. As expected, the CRB is linear with the standard deviation. Coefficient #7 corresponds to
field-independent astigmatism. The advantage to using the direct estimation method increases
with the amount of noise.

Figure 6-8 shows the PDPR root-mean-squared-error (RMSE) for each
coefficient, in good qualitative agreement with the CRBs. The PDPR results show
that there is a larger error in estimating the coefficients of the field-independent
polynomials than estimating the coefficients of the field-dependent polynomials. The
PDPR results also show a benefit to the direct estimation method vs. the indirect
estimation method. Figure 6-9 shows the RMSE for coefficient #7 vs. the standard
deviation of the read noise, again in good qualitative agreement with the CRBs. In
both Figures the direct estimate CRBs are also plotted for comparison. PDPR did not
come close the CRBs, although it did much better for the linearly field-dependent
polynomial terms than the terms that were constant with respect to the field
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coordinate. This indicates that the PDPR algorithm used here is not the optimal
estimator and that further improvement could be made.
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Figure 6-8: RMS error in PDPR estimation of the coefficients. The square root of the CRB for
the direct estimation method is also plotted for comparison.

6.7 Summary
We presented two methods of performing multi-field wavefront sensing with phasediverse phase retrieval.

In the first method, sets of polynomial coefficients are

estimated for discrete field points and a field-dependent model of the wavefront is
constructed after estimation. In the second method, the field-dependent model of the
wavefront is included in the PDPR algorithm and coefficients that characterize the
wavefront for any field point are directly estimated.
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Figure 6-9: RMS error in PDPR estimation of coefficient #7. The square root of the CRB for the
direct estimation method is also plotted for comparison. As expected, the error increases linearly
with the standard deviation of the read noise.

Information-theoretic Cramer-Rao bounds were calculated to compare these
two methods, and show that for low SNR, there is an advantage to the direct
estimation method. For situations of high SNR, the two methods of estimation yield
similar results.
PDPR was performed on digitally simulated data.

The average error in

estimating the coefficients was in good qualitative agreement with the CRBs. Again,
an advantage was seen for the direct estimation method in situations of lower SNR.

6.8
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7 Summary & Conclusion
7.1 Summary
The goal of this work was to investigate the use of phase diversity for segmented and
multiple aperture telescopes, which is important because such systems are becoming
more common as telescopes become larger. We first made improvements to the
phase-diversity algorithm implementing a broadband version of the algorithm and
exploring different techniques of regularizing the metrics used. We then presented a
new technique of implementing phase diversity on segmented and multi-aperture
systems that makes use of individual segment or sub-aperture actuation to introduce
the diversity function. Using this new technique we have shown it is possible to
estimate not only the system phase and object being observed, but also the gray-world
(or average) object spectrum. These developed techniques were then successfully
demonstrated on an experimental test bed using a segmented MEMs deformable
mirror.
In addition to work on phase diversity, we present supporting work using
phase-diverse phase retrieval (PDPR). A method of implementing PDPR using a
field-dependent model of the wavefront was introduced and evaluated using
information-theoretic Cramer-Rao bounds and digital simulations.
In Chapter 2, we described a method using a gray-world object model to
implement a broadband phase-diversity algorithm.

This technique was first

introduced by Seldin et al in 2000 and demonstrated in simulation [1]. Here, we
provide an in depth comparison between using the broadband algorithm and using the
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monochromatic algorithm when a broadband object is present. We further explore
the performance of the algorithm when the gray-world spectral coefficients are
assumed to be uniform.

It was shown that for bandwidths (∆λ/λo) of 100%, a

broadband phase-diversity algorithm, using known gray-world spectral coefficients,
could achieve a residual Strehl ratio of 0.80 which corresponds to an RMS wavefront
error of 0.075 λo. The conventional monochromatic algorithm obtained a residual
Strehl ratio of less than 0.50 for the same bandwidth. For a bandwidth of 50%, the
broadband algorithm achieved a residual Strehl ratio of 0.95, corresponding to an
RMS wavefront error of 0.036 λo, while the monochromatic algorithm achieved a
Strehl of 0.85. If the gray-world spectral coefficients were assumed to be uniform,
the broadband algorithm achieved a residual Strehl ratio of 0.80 for bandwidths of
90% and a Strehl ratio of 0.95 for bandwidths of 40%.
Chapter 2 also presented results of a study comparing three techniques of
implementing regularization in a phase diversity algorithm. These techniques were
compared to the conventional reduced Gaussian (RG) metric developed by Gonsalves
and Chidlaw in 1979 [2]. The first technique used a multi-frame, Wiener-Helstrom
filtered estimate of the object to obtain the regularized reduced Gaussian (RRG)
metric. The second and third techniques were developed for the case of two diversity
images by Blanc et al [3], and involved using a Bayesian maximum a posteriori
derivation to obtain the joint maximum a posteriori (JMAP) and marginal a

posteriori (mAP) metrics. In this work, we extend their derivations for an arbitrary
number of diversity images. Through digital simulation, it was shown that the RRG
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and JMAP metrics yield lower phase estimation error for situations of low signal-tonoise ratio (SNR), achieving a maximum residual Strehl ratio of 0.85 where the RG
metric only achieved a maximum residual Strehl ratio of 0.50. For high SNR, the RG
and mAP metrics performed the best, achieving a maximum residual Strehl ratio of
0.9985 where the RRG metric achieved maximum residual Strehl ratio of 0.9980.
In the third Chapter, we presented a new implementation of phase diversity
specific

to

segmented

and

multi-aperture

systems.

While

conventional

implementations use a focus shift to introduce a known phase aberration, sub-aperture
piston phase diversity (SAPPD) uses segment or sub-aperture actuation to introduce
piston phases over individual segments or sub-apertures. This technique could be
useful for systems on which the focus diversity mechanism becomes disabled. Later,
it is also shown to be useful for estimating object spectra using phase diversity.
Through digital simulation, SAPPD was compared to conventional focus diversity
and shown to be better than focus diversity for situations of high SNR when the
pistons introduced were equivalent to fractional values of the center wavelength. At
integer and half-integer values, the performance of SAPPD decreased due to a lack of
diversity in the images. For low SNR, the conventional focus diversity yielded better
phase estimates.
In the fourth Chapter we presented work showing that SAPPD could be used
to obtain estimates of the object gray-world spectral coefficients, in addition to the
system phase and object. It was shown that the amount of diversity introduced
determined the spectral resolution of the algorithm, indicating that SAPPD would be
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better suited to spectral estimation than focus diversity. Furthermore, a constraint
was placed on the optical path difference (OPD) step size between diversity images to
prevent aliasing of the spectrum. Through digital simulation, it was shown that good
qualitative agreement between the estimated spectrum and object average-pixel
spectrum could be obtained regardless of the OPD step size. The best quantitative
agreement was obtained when both the spectral resolution and OPD step conditions
were met. Pistoning of sub-apertures by 40 µm of OPD allowed seven spectral
coefficients (27.4 nm) to be estimated with a normalized root-mean-squared error of
0.15.
An experimental test bed was constructed using a MEMS deformable mirror
as the system under test and a modified digital light processing (DLP™) projector as
the scene projector. Phase-shifting interferometry was used to corroborate the phasediversity results. Using this test bed, conventional focus diversity was demonstrated
using both monochromatic and broadband implementations. For both cases, the
phase was estimated to within 0.06 λo RMS of the phase measured by the
interferometer. Monochromatic and broadband implementations of SAPPD were also
demonstrated, resulting in 0.08 λo RMS and 0.06 λo RMS errors, respectively. In all
cases, an object was reconstructed that was in good agreement with the projected
scene.
Work involving phase-diverse phase retrieval (PDPR) was also presented.
First, a method of incorporating the field-dependence of a wavefront into the forward
model of a PDPR algorithm was introduced. This new method is in contrast to
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traditional methods where a wavefront is estimated separately for each field point and
a field-dependent model is extrapolated afterwards.

These two methods were

compared using information theoretic Cramer-Rao bounds and digital simulation.
Both comparisons showed an advantage to using the field-dependent model in the
PDPR algorithm, especially as the SNR decreases.

7.2 Future Work
While the work presented here has begun to explore the potential of phase diversity
for segmented and multi-aperture systems, there is much more to be done. For
example, it is well known that low contrast objects or regions of a scene yield poor
estimates of the phase. Formally investigating the performance of phase diversity as
a function of object contrast and spatial frequency content requires further study.
Furthermore, object spectral content will probably have an effect on broadband
phase-diversity algorithms, especially when a gray-world spectrum is being
estimated. We have collaborated with the Digital Imaging and Remote Sensing
(DIRS) Laboratory at the Rochester Institute of Technology to investigate this [4],
however further study is required. It is also necessary to test phase diversity with
astronomical objects as the objects, where spatial and spectral statistics may be much
different than terrestrial scenery. Finally, the relationship between phase estimation
and spatial frequency content of the phase being estimated is not well understood,
though it is expected that more complex phases may be harder to estimate.
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Perhaps one of the biggest tasks is that of the full, joint estimation of both the
object and phase using the Poisson or Gaussian log-likelihood functions of Eq. (1.12)
or Eq. (1.15). While some work has been done to investigate this [5], a full study is
needed, exploring the trade-offs between the phase and object when both are
explicitly being estimated, and perhaps including either a gray-world model or full
spectral model of the object.

A comparison is also needed between an object

explicitly estimated by the algorithm, and one reconstructed using the phase estimated
by a reduced metric.
The combination of phase diversity with the multi-field wavefront sensing
technique presented in this thesis would be a good project for future investigation.
Instead of using individual field points to estimate a field-dependent model of the
wavefront, one could use an extended object or scene that exceeds the isoplanatic
patch to estimate wavefront information for the entire field of view.
One problem that has not been discussed in detail in this work is an inherent
ambiguity of segmented and multi-aperture systems when sub-apertures or segments
are pistoned with respect to each other by exactly an integer number of wavelengths.
With a monochromatic phase-diversity algorithm it is impossible to detect such a
misalignment. Even broadband phase-diversity algorithms have a stagnation mode in
which it would require an increase of the error metric in order to bring a segment or
sub-aperture within a single wavelength of piston. Therefore, if the phase-diversity
result was used to actuate the segments or sub-apertures, it could be possible that they
would be driven further away from alignment. Some techniques have been developed
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to mitigate this problem [1, 6]. An automated method, implemented as part of the
phase-diversity algorithm, would be extremely useful. One possible technique would
be to sequentially add an integer wavelength of piston to the estimated phase of each
segment or sub-aperture and calculate the change in the error metric. Noise would
hinder this technique and would need to be addressed.
Another opportunity for improvement of phase-diversity algorithms would be
to investigate performance under adverse conditions. Some work has been done here
to test phase diversity when SNR is low, but effects such as jitter, background, charge
diffusion, finite pixel size, detector gain and bias, etc. have not been included in the
simulated images. Phase diversity should be tested when all of these effects are
present to varying degrees. Furthermore, incorporating these effects into the forward
model or even allowing phase diversity to estimate some of them may be very
beneficial.
Finally, an experimental demonstration of the spectral estimation technique
presented in Chapter 4 is required. A well-calibrated mirror with large amounts of
stroke is needed to achieve fine resolution of the bandwidths provided on our test bed.
It may also be necessary to develop a different method of scene projection in order to
produce objects with sufficiently complex spectra; the DLP projector’s five segment
color wheel may produce spectra that are too smooth to distinguish from the uniform
starting guess of the algorithm. Also, an independent measurement of the spectrum is
needed to compare with the estimated gray-world coefficients.
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